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Abstract

In an abstract setting we prove a nonlinear superposition principle for zeros of
equivariant vector fields that are asymptotically additive in a well-defined sense.
This result is used to obtain multibump solutions for two basic types of periodic
stationary Schrodinger equations with superlinear nonlinearity. The nonlinear
term may be of convolution type. If the superquadratic term in the energy func-
tional is convex, our results also apply in certain cases if 0 is in a gap of the
spectrum of the Schrédinger operator.

1. Introduction and Results
For N in N and a Caratheodory function f: RY x R — R consider
(L) —Au+V(x)u = f(z,u) ue H'(RY) .

We assume that f(z,u)/u — oo as |u] — oo, that f(z,0) = 0, and that V and f
are periodic with respect to x. Let T denote the unique self adjoint operator induced
on L*(RY) by —A + V. Denote by o(T) the L?(R™)-spectrum of 7. We assume that
0 ¢ o(T) and let the positive case (or the case of mountain pass geometry) refer to o(T') C
(0,00), and the strongly indefinite case (or the case of strongly indefinite geometry) to
o(T)N (—o0,0) # @.

Let us first recall some known results. Existence of a nontrivial solution of (L) is
shown for the positive case in [38]. In the strongly indefinite case existence results are
given in [3,25] under the assumption that f increases strictly in w. Without this extra
assumption existence results for the strongly indefinite case can be found in [27,36,44].
The two papers [9,46] treat the case where 0 is the left endpoint of a gap of the spectrum
of T (see also [10]). Related results are also contained in [17-22,28,43], where equations
are treated that are not fully periodic in .



For certain periodically forced Hamiltonian systems infinitely many homoclinic orbits
are constructed as multibump solutions in [40] and [15]. Using some ideas from these
papers, in [4,16,41] it is shown for the positive case that (L) possesses infinitely many
geometrically distinct solutions. The article [4] also covers the strongly indefinite case
(for a very restricted class of nonlinearities f) and asymptotically periodic equations.
Our result in [2] gives a multiplicity result under very weak differentiability hypotheses
on f. All of these multiplicity results are proved by constructing multibump solutions.
In [2,16,32,33] also nodal properties of multibump solutions are considered. The earliest
reference we are aware of where multibump solutions are constructed for an elliptic PDE
is [8] (here it was done under different assumptions). More references on multibump
solutions can be found in the survey article [39] with focus on homoclinic orbits of
Hamiltonian systems. For f odd in u multiplicity of solutions for (L) in the positive and
the strongly indefinite case is shown in [9,27] (see also [10]). In contrast to the multibump
results mentioned above, in the latter references the authors develop a global variational
approach, applying a suitable index theory.

Motivated by the difficulty to adapt the methods used in [4,16] to equations with
nonlocal terms, our goal in the present paper is to provide an abstract framework in
which multibump solutions can be obtained in many situations. The main result here
is Theorem 3.4. It reduces the problem of constructing multibump solutions to the
problem of finding an isolated solution with nontrivial topology in a specific sense.

We now describe our new results with respect to applications. Consider the following
class of nonlocal equations in R3:

(NL) ~Au+V(r)u=Wxu>)u  ue H (R?).

The function W: R* — [0, 00) is assumed to be measurable and to lie in some suitable
function space (see Section 1.2) such that T x u?, the convolution of the functions W
and u?, is well defined for u € H'(R3).

This equation is treated for W (z) = 1/|z| in [12], where it is shown that (NL) admits
a nontrivial solution. Note that the proof extends to the case that W is a positive
definite function with suitable growth restrictions. Roughly, a positive definite function
is a function with nonnegative Fourier transform (in the sense of distributions). For a
survey on the notion of positive definite functions c.f. [42]. In [1] the existence result is
derived without the assumption of positive definiteness of W, for a more general class
of equations. In the latter paper, using results from [9,10], also multiplicity of solutions
for (NL) is proved.

Our first result concerning applications is that (NL) admits multibump solutions. It is
contained in Theorem 1.2 below. To the best of our knowledge existence of multibump
solutions has not been shown before for (NL).

Even though we were initially interested in nonlocal problems we also obtain a new
result for the local problem: From Theorem 1.2 it follows that multibump solutions for
(L) exist in the strongly indefinite case if f is strictly increasing in u. We show this for a
much broader class of functions f than considered in [4], see assumption (Al.4) below.



1.1. Assumptions on the Local Problem (L)

Denote by 2* := oo for N = 1,2 and 2* := 2N/(N —2) for N > 3 the critical Sobolev ex-
ponent. Recall that we have set T'= —A+V. Using the notation F(z,u) := [’ f(z,s)ds
we make the following assumptions:

(A1.1) V € L®(RY), V is periodic, separately in each coordinate direction with minimal
period 1, and 0 ¢ o(T').

(A1.2) fu(x,u) exists everywhere, and f,,(z,u) exists for u # 0. f, is a Caratheodory
function. f(z,0) = f.(x,0) = 0 for all . There are C' > 0 and py,ps € (2,2%)
with p; < py such that

(1.1) [ fuu(,w)] < C(|luf” 72 + Jul7)

holds for every u # 0 and all x. f is periodic in the first argument, separately in
each coordinate direction with minimal period 1.

(A1.3) There is 6 > 2 such that
flz,uw)u > 0F(x,u) >0
holds for every u # 0 and for all .
(Al.4) For every u # 0 and for all x it holds that
fulz,w)u® > flo,u)u .

Set E := H'(R") and define ®: £ — R by

B(u) = ;/RN(]VU|2+V(1:)U2)dx—/RN Flaz,u)dz

By our assumptions ® € C?, and critical points of ® are in one to one correspondence
with weak solutions of (L). Note that by (1.1) the second differential of ® is also Holder
continuous, at the same time allowing for different superlinear growth of f in u at zero
and at infinity.

1.2. Assumptions on the Nonlocal Problem (NL)

We assume (A1.1) and the following hypotheses:
(A1.5) There is r € [1,00) such that W € L'(R?) + L"(R?), and W is even.

(A1.6) W >0, and W > 0 on a neighborhood of 0.

(A1.7) o(T) C (0,00) or W is positive definite.
Set FE := H'(R?®) and define ®: F — R by
1 1
() = f/ (IVal? + V(z)u?) dz — f/ (W s u?)u? dz .
2 JrN 4 Jrs

By our assumptions ® € C? and critical points of ® are in one to one correspondence
with weak solutions of (NL).



1.3. Results for the Applications

We treat (L) and (NL) together in the unified setting we have established so far. Note
that ®(0) = 0 and ®'(0) = 0. Define

Ki={uecE~{0}|®(u)=0}.

Observe that for convenience we have excluded the critical point 0 from IC. It is known
that, under the above assumptions, 0 is isolated in the set of critical points of ®, so IC
is closed. For all ¢,d in R denote

c-:{ue/cwb() ¢}
T {uek|c<d(u) <d)
/C()._zcg.

A sequence (uy,) in E with ®(u,) — ¢ and ®'(u,) — 0 is called a Palais-Smale sequence
at the level ¢, or (PS).-sequence in short.

Denote by % the action of Z" on E that arises from translation: For v € F and a € Z~
define (a x u)(z) := u(x — a). From the periodicity assumptions on V' (and f in (L)) it
follows that ® is invariant under the action of Z%, so Z" also acts on K.

1.1 Definition. Two elements u,v of E will be called geometrically distinct if v and v
do not belong to the same class of E/ZY.

We say that a finite subset A of IC generates multibump critical points of ® if for every
k € N, e > 0 there is M > 0 such that for all a; € Z" and u; € A (i = 1,2,..., k) with

4 —ag| =M ifi#]

there is © € IC such that

k
—Zai*u
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o Lt

i=1

We also call such a critical point u a (weak) multibump solution of (L) respectively (NL).

It is well known by now that under our assumptions K # @ and that ® attains a
positive minimum on /. Therefore we set

Crin == min ®(K) > 0.

We call a critical point of ® isolated if it is isolated in the set K. For the applications,
our main result then reads:

1.2 Theorem. a) Every finite set of isolated critical points in K(cmim) generates
multibump critical points of ®.



b) If there is an isolated critical point in K(cmin) then for every k € N~ {1} and
e > 0 the set KCpommte /7N s infinite.

€

If KCeminte /ZN is finite for some € > 0 then all elements in K(cp,) are isolated critical
points of ®. Hence the theorem states that under our assumptions there are always
infinitely many geometrically distinct weak solutions for both of (L) and (NL).

1.4. Discussion

Our main abstract result, Theorem 3.4, can be viewed as a nonlinear superposition
principle for zeros of equivariant vector fields that are asymptotically additive, in a
sense made precise via the notion of a BL-splitting map (cf. Definition 3.1 and condi-
tion (F'3.2)). Starting with certain isolated zeros as building blocks, one obtains new
zeros near the sum of their translates if the translates are sufficiently far apart from each
other. For this principle to be applicable, some nontrivial topological information on the
building blocks is needed, namely nonvanishing of the local degree of the vector field (af-
ter a finite-dimensional local reduction). Theorem 3.4 is essentially independent of any
variational structure. Nevertheless, for simplicity we assume that the vector field is the
gradient of some functional. Symmetry of the derivative facilitates various constructions
and estimates.

For the application to the variational setting introduced above we consider the equiv-
ariant gradient vector field of ®. We obtain the nontriviality of the reduced local degree
from the local linking structure of critical points. In the positive case these are points of
mountain pass type. The strongly indefinite case poses a harder problem. We are only
able to treat it here assuming convexity of the superquadratic part of ®. This enables
us to reduce the problem to one with mountain pass geometry, and then to proceed as
in the positive case.

It is a challenge to prove a similar superposition principle from weaker topological
information on isolated critical points, for example from the existence of a nontrivial
critical group. Another interesting open problem is to remove the convexity assumption,
namely that f is increasing in u with respect to problem (L), in the strongly indefinite
case.

Let us comment on the hypotheses described in Sections 1.1 and 1.2. Concerning
assumption (A1.2) we remark that in our proof it is only needed that the superposition
operator induced by f, is uniformly Holder continuous on bounded subsets of E.

In the positive case from [16] it is known that condition (Al.4) is not needed to
construct multibump solutions for (L). However, as mentioned above, our proof relies
on the fact that the local degrees of certain isolated critical points of mountain pass type
are not zero (after a finite-dimensional reduction). To show this requires that the kernel
of ®” at such points is 1-dimensional if the Morse index vanishes. Assumption (Al.4)
implies that every critical point at the level ¢y, is of mountain pass type with Morse
index 1, hence satisfying the above requirement if it is isolated.

In a forthcoming paper we hope to weaken (A1.2) to the case that f is only once
continuously differentiable in u (with appropriate bounds on f,). Moreover we plan to
handle the positive case without assuming (A1.4).



We have restricted our attention here to a very specific nonlocal equation. Using the
results from [1] it is easy to apply Theorem 1.2 to a larger class of nonlocal equations
with similar structure as (NL).

The organization of the paper is as follows: In Section 2 we analyze the reduction of a
vector field at a zero to the kernel of the differential and introduce the notion of reduced
local degree. Section 3 contains the statement and proof of the nonlinear superposition
principle. In Section 4 we show that the reduced degree of isolated critical points with
minimal positive energy is nonzero in the case of mountain pass geometry. Reducing it to
mountain pass geometry, we deal with the strongly indefinite case in Section 5. Finally,
in Section 6 we show that assumptions (A1.1)-(A1.7) are sufficient for the application
of the abstract results to (L) and (NL).

For the convenience of the reader there is a list of extra notation (used in Sections 2-5)
included in Table 1.

1.5. General Notation

We set RT := (0, 00), Rj := [0,00), R™ := (00,0), and R, := (00, 0]. For ¢ € [1,00] we
denote the norm in L¢(RY) by |-|,. The scalar product in L*(RY) is written as (-, ).
Initially we endow H'(RY) with the scalar product

(U, v) g1y = /RN(Vu - Vv +uv) dz

and the associated norm ||ul| g1 gyy = \/|Vul3 + [ul3.

If X is a metric space, A is a point or a subset of X, and p > 0, then we set

Ulp, A; X) :=U,(A; X) :={x e X |distx(z,A) < p}
B(p,A; X) = B,(A; X) :={x e X |distx(z,A) <p}
S(p, A; X) = 85,(A; X) ={2xe X |distx(z,A)=p}.

When there is no confusion possible we usually omit the X-dependency. If (X, ||-]|) is a
normed vector space and A = 0, we often write U,X instead of U,(0; X), and so forth.
Also in this case we may omit the X-dependency.

For normed vector spaces X,Y we denote by £(X,Y) the space of bounded linear
maps from X to Y, endowed with the uniform operator norm, and by L,(X,Y") the
same space endowed with the strong operator topology. As usual, if X =Y we write
L(X) := L(X,X). The dual of X is denoted by X*, and the adjoint of A in L(X,Y)
is denoted by A*. The space X, is the space X endowed with its weak topology. We
denote weak convergence of a sequence in X with the symbol —. If XY are normed
spaces and f: X — Y is a map, we say that f is weakly sequentially continuous if
f: X, — Y, is sequentially continuous.

The kernel of a linear operator A will be denoted by N'(A), its range by R(A). In a
Hilbert space setting the symbol P will be used exclusively for orthogonal projections.
Bounded projections that are not orthogonal will be denoted with symbols different from
P. Usually the range of a projection is given in the subscript.



If U C X isopen, n € Ny and « € (0, 1), we write C™(U,Y") for the space of functions
that have continuous derivatives up to order n, and by C"**(U,Y’) the subspace of func-
tions in C™(U,Y') where the n-th derivative is locally Holder continuous with exponent
a. By C"(U,Y) for n > 1 we denote the subspace of functions in C"~(U,Y’) where
the derivative of order (n — 1) is locally Lipschitz. We call a map from U into Y bounded
if it maps bounded subsets of U into bounded subsets of Y. We say that u € C™*(U,Y’)
uniformly on bounded subsets if all derivatives up to order n are bounded in this sense.
For a € (0,1) we say that u € C"**(U,Y') uniformly on bounded subsets if u € C™(U,Y)
uniformly on bounded subsets and if the n-th derivative of u is uniformly Holder contin-
uous with exponent a on bounded subsets of U. A similar convention applies to spaces
of Lipschitz continuous functions.

For a finite-dimensional Banach space X, an open bounded subset U of X, a contin-
wous map f: U — X, and y € X \ f(OU) the mapping degree of f with respect to y is
denoted as usual by deg(f,U,y). If x is an isolated zero of f, the local degree of f at x
(index of the zero x) will be denoted by deg,.(f,x).

2. Reductions and the Reduced Local Degree

Here we introduce and analyze the notion of a local degree at a zero of a vector field after
a suitable finite-dimensional reduction. We do not intend to develop a degree theory.
Only some facts needed for the proof and application of the nonlinear superposition
principle will be presented.

2.1 Definition. Suppose that Z is a Banach space, and that X, Y are closed subspaces
of Z such that 7 = X @ Y. Endow X and Y with the norms induced by the norm of
Z. Denote by Py the projection in Z onto Y along X, and set Px := I — Py. Suppose
that for some zy € Z and an open neighborhood U of zy in Z we are given f € C*(U, Z)
such that Py f(z9) = 0, and such that Py f'(20)]y € L£(Y) is an isomorphism. Consider
the set

W:={zeU|Pf(z)=0}.

Then by the implicit function theorem W can be described near z; as the graph of a
C'-map h: Vx — Y, where Vx is an open neighborhood of 0 in X, as follows. There is
an open neighborhood V4 of 0 in Y such that

Wﬂ(ZO+VX+Vy):{Zo+$+h(ZU)’xEVX}.

We call the map g: Vx — X, given by g(z) := f(20 + = + h(x)), a reduction of f at 2o
to X along Y. Note that if X = {0} then g is just the trivial map on X.

If Z is a Hilbert space and X 1Y, then we will usually omit the “along” part and
say that ¢ is a reduction of f at 2y to X. If f is the gradient of some C?-functional
®: U — R, define U(x) := ®(29 + x + h(x)). We say that U is a reduction of ® at zy to
X. In this case g is the gradient of the C?-functional W.

2.2 Remark. It is clear that, in the setting above, the zeros of f in zy + Vx + V4 are
in one-to-one correspondence with the zeros of g in Vy.



2.3 Definition. Suppose that Z is a Banach space and that for some 2y € Z and an
open neighborhood U of 2y in Z we are given f € C'(U, Z). Suppose moreover that
2o is an isolated zero of f, that o(f’(z0)) ~ {0} is closed, and that X := N(f'(z)) is
finite-dimensional. Note that then f’(zp) is a Fredholm operator of index 0. Let Y be
the closed invariant subspace of Z corresponding to o(f’(29)) ~{0}. Then f'(zo)|y is an
isomorphism and a reduction g of f at z5 to X along Y is defined on some neighborhood
of 0 in X. Moreover, 0 is an isolated zero of g.

We define the reduced local degree rdegy.(f,z0) of f at zy by rdegy.(f,20) =
degioc(9,0). Here we set deg),.(g,0) := 1 if f'(z) is an isomorphism and hence g is
trivial.

If Z is a Hilbert space and f the gradient of some C2-functional ®: U — R we define
the reduced local degree rdeg,..(P, zo) of ® at zy by rdeg,,.(P, z9) := rdeg,,.(f, 2z0). Note
that in this situation for the spectral condition above to hold it suffices to assume that
f'(20) is Fredholm of index 0 since f’(z) is selfadjoint.

We need to have available a quantitative version of the reduction described in Def-
inition 2.1. Moreover, we want to extend Definition 2.1 to the case that zy is only an
approximate zero of Py f.

2.4 Lemma. Let X, Y, Z, Px and Py be given as in Definition 2.1. For some constants
a € (0,1] and r, M > 0 suppose that | Py|| < M. Also suppose that we are given zy € Z
and f € CY7(B,(20; Z), Z) such that

| fllcr+e (B, (z0:2),2) < M,

and that Py f'(z0)|y € L(Y) is an isomorphism with ||( Py f'(z0)|y) '] < M. Then there
are positive constants r1 < ro < r, Cy and Cy, only depending on o, r and M, with the
following properties: If || Py f(z0)|| < C1 and if we set

W:={z€2+B,X+B,Y|Pf(z)=0}
then there is h in C'***(B,, X,Y) such that
i) W={2+z+h(z)|ze B, X}
(ii) ”hHCHD‘(BrlX,Y) < (Y
(iif) [|h(2)|] < 2M(M?||z|| + [Py f(20)|) for every z in B, X.
If we define g: B,, X — X by
9(x) = f(z0 + 2 + h(x)) = Px f(z0 + = + h(x))
then g € C'*(B,, X, X) and we have
(iv) llglleres,, x.x) < Co

(v) 1lg(0) = Pxf(20)ll < Cal[ Py f(20)



(vi) [lg(0) = Pxf'(z0)lx ]| < Ca(lI1Py F(z0)l1 + [1Pxf'(zo) v Il - (| Py £ (z0) )
In the case that Py f(zy) = 0, we have

) h(0) =

(vii) 2'(0) = —(Pyf'(z0)ly) " Py f'(20) | x
)
) 9

(vii

(ix) g(0) = f(20)
(x) ¢'(0) = Px f'(20)(Ix + 1'(0))

2.5 Remark. In the setting of Lemma 2.4, if || Py f(20)|| < C} we will say that g is a
reduction of f at zy to X along Y, therefore widening the scope of Definition 2.1.

Lemma 2.4 can be viewed as a shadowing lemma where a point zy that is a “non-
degenerate approximate Y-zero” of the vector field f is shadowed by a manifold W of
“Y-zeros” transverse to Y. Let us specialize Lemma 2.4 to the case that Y is the whole
space Z.

2.6 Corollary. Suppose that Z is a Banach space. For some constants o € (0, 1] and
r, M > 0 suppose that we are given 2o € Z and f € C'*(B,(2y), Z) such that

[ fllcra(B, z0),2) < M,

and such that f'(zy) is an isomorphism with ||(f'(20)) || < M. Then there are positive
constants ro < r and Ci, only depending on «, v and M, with the following properties:
If | f(20)|| < Cy then f has exactly one zero z in By,(z0). In addition, ||z — z|| <
2M|[f (z0)l-

Proof of Lemma 2.4. The proof is a simple application of the contraction mapping prin-
ciple. For convenience of the reader we provide a few details.

Suppose that XY, Z and f are given with the properties listed in the statement of
the lemma. After translation we may assume that zy = 0. Set A := Px f'(0)|x € L(X)
and B := Py f'(0)|y € L(Y). We choose 7, < /2 independently of X,Y,Z and f such
that

(2.1) 1)~ PO < —

2M?

for all z € By,.,Z. Moreover we set C :=19/(4M) and choose r; < ry independently of

X,Y and f such that
Cy

< —

1F(z) = Ol < 5

for all z € B,,Z. Then if | Py f(0)]| < C} it follows that

(2.2) 1Py f(2)| <2Cy = 577



for all z € B,, Z.
Now suppose that || Py f(0)]| < Cy. Define ¢: B,, X x B,.,Y — Y by

p(r,y) =y —B ' Prflz+y) =B Pr(f(0)y—flz+y)).
It follows that ¢(x,y) = y if and only if Py f(x + y) = 0. Moreover
le(@ y)|l < M| Py (f(z+y) — f0)y)ll

_ M| Pei)+ [ Bt ) — Oy ds

1
< M (IR f @) + 55l
<71y

by (2.1) and (2.2), and since ||z +y|| < 21y and ||y|| < r2. So actually ¢ maps into B,,Y.
Now

Dyl )l < M2F(O) — fla+ )l < 5

by (2.1) again. This shows that ¢(z, -) is a contraction on B,.,Y’, uniformly in z € B,, X.
From Banach’s contraction mapping theorem we obtain a map h: B, X — B,,Y such
that ¢(x,y) = y if and only if y = h(x), for all (z,y) € B, X x B,,Y. Therefore h
satisfies (i). From (2.3) it also follows that

Ih(2)]| < 2M||Py f ()] < 2M (M?||z]| + || P £(0)]])

and hence (iii).
Standard arguments [23, 1.2.6] show that A is continuously differentiable. The re-
maining estimates follow in a straightforward way. U

In the next lemma we relate the local degrees of finite-dimensional reductions of a
vector field to different subspaces, one included in the other. Again we define the local
degree of the trivial map {0} — {0} to be 1.

2.7 Lemma. Suppose that Z is a Banach space, U is an open neighborhood of zy in Z
and f: U — Z is C*. Suppose also that zy is an isolated zero of f. Set A := f'(2).
For i = 0,1 let X; be finite-dimensional and Y; closed subspaces of Z, such that Z =
XodYo=X10Y), Xo C Xy, and Yy CY,. Suppose moreover that X;,Y; are invariant
with respect to A and that Py, Aly, are isomorphisms. Denote by g; a reduction of f at
zo to X; along Y;, so 0 is an isolated zero of g;. Then

’degloc(goao)’ - ‘deg10c<g170)‘ :

Proof. We may assume that zy = 0. Set Y5 := Yy N X7 and let go denote a reduction of
g1 at 0 to Xy along Y;. We will prove that

(24) degloc(g(h 0) = degloc(927 O)

10



and

(2.5) degyoc(91,0)| = |degio(92,0)] ,

which proves the claim.

Denote by Py, the projection onto X; with kernel Y;, for i = 0,1 and set Py, := I — Pkx.
Note that Px,|x, is the projection in X; with range X, and kernel Y5, since X; = Xo®Y5.
Denote by

hoiXo%YE)
hi: X1 - Y;
hQiXO%YVQ

the maps defined near 0 that arise from the construction of the respective reductions g;.
It follows that for x € X near 0

[+ hao(z) + hi(z + ha(2))) = g1(z + ha(2)) = g2(x) € Xy .

Therefore by uniqueness ho(x) + hi(z + ho(z)) = ho(x) and gy and go coincide near 0.
From this (2.4) follows. N
To show (2.5) consider the maps G: X; — X; and G: X; — £(X) defined locally at
0 by
G(2) = gi(z + ha(2)) + 61(0)[y — ha(2)]
and

Gle) o= [ (dhle sy -+ (L= 9)hale) = h(0)) s

Here and in the sequel we always assume that z € X1, v € Xo, y € Y5, and 2z = x + 4.
We may now write B
91(2) = G(2) + G(2)[y — ha(z)] .
Define the linear homotopy
H(t, z):= (1 —1t)g1(2) + tG(2)

= G(2) + (1= )Gy = ha(2)] -

We wish to show that H # 0 on [0, 1] x S, X; for some small > 0. To achieve this
recall that gi(z + ho(2)) = go(x), that ¢;(0) = Px, Alx,, that Y is invariant under A,
and that Py, Aly, is an isomorphism. Hence there is M > 0 such that ||Ay|| > M||y|| for
all y € Y5. By continuity of ¢} and hy we may choose r > 0 small enough such that

~ M
IPLG) <

if ||z|]| < r, and such that g; has no zero in B, X; besides 0. Fix z € S, X; and consider
two cases: a) y # ho(x). Here it follows that

1Py H (2, 2)[| > | Aly = he(@)]l| = [ PnG(2)ly — ha(2)]]

M
> ?Hy— ha(z)]| > 0.

11



b) y = ho(z). In this case we conclude
IH(t, 2)|| = llg1(x + ha(z))]| > 0.

Hence the linear homotopy from ¢; to G has no zero on S,Z, and deg,.(¢1,0) =
deg(G, U, 0).

It remains to calculate deg(G,U,,0). Since Px,G(z) = gi(x + ha(z)) = go(x) is
independent of y, it is easily seen that deg(G,U,,0) = signdet(Py,Aly,) deg.(g2,0).
This finishes the proof. O

3. The Nonlinear Superposition Principle

Let E be a real separable Hilbert space with scalar product (-, -)g and associated norm
|-llz- Let G be an Abelian group acting isometrically on £, where we denote the group
operation by +, inversion in G by —, and the group action on E by a * u, if a € G and
u € E. Suppose moreover that G is a directed set, where the direction will be denoted
by ». For simplicity we adopt the terminology of saying that a is larger than bif a,b € G
and a > b. If a statement holds for all a larger that some A € G, then we say that the
statement holds for a large enough. 1f X is a metric space and f: G — X is a net, then
by saying f(a) — x as a — oo we mean that lim,eg f(a) = z or, in other words, that
the net limit of f is x. This convention also applies to other type of limiting processes
over G.

Recall that a sequence (a,) in G is called cofinal if for every A in G there is ng in N
such that a, = A whenever n > ngy. If G contains cofinal sequences then all limiting
processes with respect to nets into metric spaces can be examined by only considering
cofinal sequences.

We assume the following additional conditions on G and E:

(G3.1) G contains cofinal sequences.

(G3.2) If (a,) is a cofinal sequence in G and a € G, then (—a,) and a + a, are also
cofinal.

(G3.3) If (a,) is a cofinal sequence in G and u € F, then a, xu — 0.
Note that by (G3.1) and (G3.3) G is infinite if E is not trivial. Let us also consider
(G3.4) Every infinite subset A of G contains a cofinal sequence.

The following definition describes one of the basic concepts for the proof of the super-
position principle. It makes the statement precise that a vector field behaves asymptot-
ically like an additive map.

3.1 Definition. If X and Y are Banach spaces and f: X — Y is a map, then we say
that f has the BL-splitting property, satisfies the BL-splitting condition, or BL-splits, if
for every weakly convergent sequence (z,) in X with z,, — x it holds that

f(xn) = flen — ) = f(2)

inY, asn — oc.
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3.2 Remark. The letters BL in the definition above represent the use of Brezis-Lieb
type Lemmata to prove that the BL-splitting property holds.

3.3 Remark. For every T' € L(F) the maps u — (Tu,u)p and u +— Tu have the
BL-splitting property. In particular the map u — ||ul|% BL-splits. If f BL-splits then
necessarily f(0) = 0.

Now consider a differentiable map ¥: F — R and denote its gradient by A. We
assume the following properties for U:

(F3.1) There is v in (0, 1] such that ¥ € C*T*(E,R), uniformly on bounded subsets.
(F3.2) W, U and U” have the BL-splitting property.
(F3.3) A is weakly sequentially continuous.

(F3.4) For every u in E the operator A’(u) is compact.
(F3.5)

F3.5
We also consider L € L(F) with the properties

U is invariant under the action of G.

(L3.1) L is a selfadjoint isomorphism. Its spectrum is a finite set.

(L3.2) L is equivariant under the action of G.
Define the functional ®: £ — R by

1
(3.1) O(u) = §(Lu,u>E —U(u),
so ® is also in C*(E, R), uniformly on bounded subsets, and ® is invariant under the
action of G. Denote the gradient of ® by I'. From (F3.2) and Remark 3.3 it follows that

(3.2) ® and @ have the BL-splitting property.

Note however that this is not true for ®” due to the quadratic first term in the definition
of ®.

If @ is a critical point of ® from our conditions on ¥ and L it follows that I"(u) is a
selfadjoint Fredholm operator of index 0. Hence rdegy, . (®,u) is well defined if @ is an
isolated critical point of ®.

To state the nonlinear superposition principle recall the definition of the set K of
nontrivial critical points of ® and of the sets K¢ given in Section 1.3.

3.4 Theorem. a) Suppose that A is a finite set of isolated critical points of ®, such
that ® has nonzero reduced local degree at u for every u in A. Then A generates
multibump critical points of .

b) Suppose that (G3.4) holds and that u # 0 is an isolated critical point of ®, such that
® has nonzero reduced local degree at . Then K< /G is infinite for ¢ := ®(u) and
for every e > 0 and every k in N~ {1}.

The proof of this theorem will be given in Section 3.2.
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3.1. Technical Preliminaries

In this section we prepare the proof of Theorem 3.4.

3.5 Lemma. Let X,Y, 7 and Px, Py be as in Definition 2.1. Suppose that U is an open
neighborhood of 0 in Z and that f,g € C***(U, Z) satisfy

| fllor+ew.z)s 19llcraw.z) < Mo

for some My > 0. Suppose moreover that there is My > 0 such that

1/ (O)yll = Millyll

fory € Y. Then there is o > 0, only depending on My, My and o, such that for every
r € (0,7] with B,(0) C U there are €, > 0, only depending on r, My, My, and «, with
the following property: If

max{ || f(0) — g(O)[|. | /(0) = g'(0)[| } < &

then
17(2) = g < [ (2) = FO)]
for every z € S, Z with ||Pxz| <.

Proof. Set p := 2My/M;. In the sequel we always assume that z € X, y €Y, z=x+y
and

1
3.3 | < —|z]| .
(3.3) | ”—1+u”H

It then holds that
pllzll < llyll

and
1
2l < lzfl + llyll < {1+ m lyll -

From these inequalities it follows that

B4) 1Ozl = 11Oyl = 17 O)] = Millyll — Mol|z||

My M,
> (81 = 220l = S >

with

Moreover, from the bounds on f we find

M, 1
< ta .
— 1+ aHZH

B3 15G) = 10) = POl = | [ (1(2) = ro))2 s
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Together with (3.4) we obtain

36) 15:) = FOI 2 17Ol = 1) = F0) = FO)el = (1 = [l =]

Now set h:= f — g. Then ||h||c1+aw,z) < 2Mp and as in (3.5)

3.7 AN < RO+ KO - 2]+ Tl

From (3.3), (3.6), and (3.7) it follows that if » > 0 is small enough we may choose € > 0
small enough and define ¢ := /(1 + p) such that ||z|| = r, max{ ||h(0)], || (0)] } < e
and ||z|| < ¢ implies ||h(2)]| < || f(2) — f(0)|. The proof is finished. O

3.6 Lemma. Suppose that Z is a Hilbert space with scalar product (-,-), that X, and
Xy are nontrivial closed subspaces, and that

v i=sup{ [(z1,z2)| | x; € S1Xi } < 1.

Then trivially X1 N Xy = {0}. Set X := X; & Xs. If we denote, for i = 1,2, by P, and
P the orthogonal projections in Z onto X; and X, respectively, then (P; + P3)|x is an
isomorphism of X and

2y
1—~"
Proof. Define Q; := Pj|x and Y; := N (P,)NX = N (Q;). If z € 51X, and y = Q2 then

~{e
y=(z, )
Iyl / [yl

and hence ||y|| <. This implies ||Q1]x,| <~ and [|Q1Q2]] <. We have N'(I — Q1) N
Xo=X1NXy={0}. If y €Y; and y = 1 + 25 such that z; € X;, then

(I =Qura=(I-Q1)[r1+z2] =T -Qu)y =1y .

These facts show that (I — @1)|x, is an isomorphism from X, onto Y;. From [26,
Thm. 1.6.34] it now follows that

(3.8) [ Ix — Q1 — Qaf| <7 <1

and hence that Q1 + Q2 = (P; + P»)|x is an isomorphism. It is plain that P = (Q +
Qg)_l(Pl 4 Pz)- Moreover by (3-8)

|P— P — B <

|P— P — P = [|(Ix — (Q1 + Q2) ") (P + P

Ix = > (Ix — Q1 — Q)"

k=0

< 2

<2 .
= =15
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3.2. Proof of Theorem 3.4

In this section we will write (-,-) := (-,-)g and ||-|| := ||||z. Moreover, for every closed
subspace X of E we denote by Px the orthogonal projection in £ onto X.

We restrict ourselves to proving that the set {u} generates critical points with two
bumps if u is an isolated critical point of & with nonzero reduced local degree. The
general result can be obtained by making straightforward modifications to the proof
below.

Let us first state some useful facts. Here we write ¥(a) for the isometry that corre-
sponds to a in G. Suppose that X is a closed subspace of E and that a € G. Since G
acts isometrically on E we have

(3.9) (B(a)X)*" =S(a) X+ .
From (3.9) it follows that
(310) PE(a)Xz((I) = E((Z)PX .

We introduce additional notation for convenience. Recall that A is the gradient of
U and I' is the gradient of ®. Denote u, := u + a*u, K := A (u), K, == N(a*u),
R:=L—-K,and R, := L — K,. Since A is equivariant by (F3.5), it follows that

K.3(a) =X(a)K

(3.11) R,X(a) = X(a)R .

By (F3.4) K is compact and selfadjoint.
By (G3.3) u, — u as a — oo so that (F3.2) and (3.2) imply

D (uy) — Plaxu) — P(u) — 0
(3.12) [(ug) — T(a*u) —T(u) =0
N(uy) — N(axu)—AN(u) =0

as a — o0o. By invariance
O(a*u) = d(u)

for all @ in G, so

(3.13) D (u,) — 20(u) as a — 0.
By equivariance I'(a x u) = a*T'(u) = 0 for all a in G, so

(3.14) I'(ug) = 0 as a — o0.
Moreover, from (3.12) we obtain

(3.15) Mu,)=L—-K—K,+0(l) asa— oo.
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We start by proving item a) of Theorem 3.4. To highlight the basic idea of the proof
we first assume that u is a nondegenerate critical point of ®. This case is considerably
simpler to treat. Since by (3.14) w, is an approximate zero of I' for large a we can
apply Corollary 2.6 if we can show that I”(u,) is an isomorphism for large a and that

IT"(uq) ! || remains bounded as a — oco. Therefore set M := ||[R~!|. We claim that
1
(3.16) liminf inf [|IT"(ua)yll 2 77

To show this consider a cofinal sequence (a,,) in G and a sequence (y,,) in S1E. Ex-
tracting subsequences we may assume that

Ym — U
(_am) *Ym — W .
We set 2, := Y — U — @y x w s0 by (G3.2) and (G3.3)

m—0
(3.17) -

(—am) *2m — 0.
Since K is compact, from these facts and (3.11) we obtain
Klay, *w] — 0

K,,,v=>%(an)K[(—a,)*v] =0
Ko, 2m = () K[(—am) * 2m] — 0

and hence
(3.18) (L - K — K,,)ym = Rv+ X(ay,)Rw + Rz, + o(1)
as m — oo. Using (3.15), (3.17), (3.18) and Remark 3.3 we obtain
T (e )yml* = (L — K = Ko, Jyml* + o(1)
= [|[Rv|l* + | Rw|* + || Rzl + o(1)

1
> T I + [lwl” + llzm]*) + o(1)

1
= s llgml? + o(1)

Since (an,) and (y,,) were chosen arbitrarily, (3.16) is proved.
By (3.16) and the selfadjointness of I''(u,) we may pick A in G such that I'(u,) is
invertible with
I (ua) M| < 2M

for every a = A. Choosing A larger if necessary, this fact together with (F3.1), (3.14)
and Corollary 2.6 yields a constant (s, independent of a, such that I" has a zero in
B(CaI'(ug), u,) for every a = A. Therefore, for a large enough I" has a zero v in B.(u,)
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such that |®(v) — ®(u,)| < /2. Here we have used (F3.1) again. The number ¢
is taken from the statement of the theorem. If a is chosen large enough then also
1D (ug) — 20(0)] < /2 by (3.13), so |®(v) — 2®(u)| < e. Hence we have proved the
existence of two-bump critical points of ® near the sum of translates of the nondegenerate
critical point u.

Now we take up the proof in the case that u is degenerate. Property (L3.1), the
compactness and selfadjointness of K, and the separability of F imply the existence of
a sequence (X, )nen, of finite-dimensional R-invariant subspaces of E such that

N(R):X0§X1§X2Q.--

and

(3.19) E = G X, .

n=0

Moreover, the spaces Y,, := X,f are also invariant under R. We set X, ,, := X,, +X(a)X,
and Y, ,, == (X,,)t =Y, N (X(a)Y,).

3.7 Remark. If (u,,) is a bounded sequence in E such that Px, u,, — 0 as m — oo, for
all n in Ny, then u,, — 0 as m — o0o. To see this fix some v in F and n in Ny. Using
that ||u,,|| < C for some positive constant C' and all m we obtain

lim sup|{u,, v)| < limsup|(Px,, Um, v)| + lim sup|{u,, Py, v)| < C||Py,v|| .
m—00 m—00 m—oo

Letting n — oo, the claim follows from (3.19).

Define
Ya,n) = sup{ | (w1, 2| | 71, (—a) %23 € S1X, }

Since X, is finite-dimensional it follows that
(3.20) v(a,n) = 0

as a — oo, for n fixed. Consider the constant M := ||(Py,Rly,)"'||. Since Y, is R-
invariant for n € Ny it follows that

(3.21) I(Py, Rly,) 7' < M
for n € Ny. We have the following asymptotic properties:

3.8 Lemma. For fized n in Ny it holds that:
(1) Lm{| Px, |x@x, | = M| Po) x, [x, [l = 0
.. . / s / _
(i) || Py, I (ua) [0 x, || = M| Poga x, ' (ua) [ x,, || = 0

(i) L Py, (I (ua) = B)lx, | = || Pogayx, (I (1) = Ra)l s, | = 0
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(IV) }lierrngPXa,nF,(ua)lya,n” = 0

(v) liminf inf [Py, I (uw)y| > 1/M

acg yeSlYa,n

The proof of this lemma will be given at the end of this section.
For every a in G the operator Py, I'(uq)ly,, € L£(Yan) is selfadjoint. Hence from
Lemma 3.8(v) it follows that for large a it is invertible with

||<PYa,nF/(ua)|Ya,n)_1|| S 2M .

Combining this fact with (F3.1), (3.14), (3.21) and the fact that the norms of orthogonal
projections are bounded by 1, we can apply Lemma 2.4 and Remark 2.5 to obtain
constants 0 < r; < 7y and Cy > 0, independently of n, and for each n in Ny some A(n)
in G such that for a > A(n) the following holds:

e The reduction F,, of I' at u to X, exists on B, X,. It comes with a map
Kn: B X, — B, Y, such that ifz € B, X,, and y € B,.,Y,, then Py, I'(u+z+y) =0
if and only if y = k,(z). The following properties hold:

[ Fnllcr+a(B,, X0, x0) < C2
(3.22) [Knllcr+e (B, Xn,Bryyn) < Co
F.(x) =T(u+ x + k,(x))

and

The zeros of F), in B,, X,, are in one-to-one correspondence

(3.23) with the zeros of T' in u, + By, X, + By, Y.

e The reduction G, of I at u, to X, , exists on B, X,,. It comes with a map
Nap: Br Xan — Br,Yan such that if v € B, X, ,, and y € B,,Y,,, then Py, I'(u,+
x+y) =0 if and only if y = 1, ,(z). The following properties hold:

|| Ga7n ||Cl+a (Brl Xa,ruXa,n) S 02

(324) ||na1n||Cl+a(BT1X(L,n,B'rQYa,n) S 02
Gan(z) =T'(ua + 2 + Napn(z))
and
(3.25) The zeros of G, ,, in B,, X, , are in one-to-one correspon-

dence with the zeros of I' in u, + B, X n + By, Yan.

By (3.14) and Lemma 2.4(iii) we can take r; and ry as small as we wish, as long as we
choose A(n) large enough for every n. By (F3.1) and (3.23) we may thus assume that
r1 and 7y are chosen such that if n € Ny and a € G with a > A(n), then

(3.26) 0 is the only zero of F,, in B,, X,
(3.27) rtry <€
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and if v € v, + B, X, + B,,Y, , then
(3.28) () — B(u)| < /2,

where ¢ is from the statement of the theorem. Subsequently we will enlarge each A(n)
even more, in finitely many steps, to ensure that certain additional conditions are met.
Define for every n in Ny the Banach space Z,, := X,, x X,, with norm

1(zh, )z, = =t ]| + |22 -
Also define

fot BuXn X Bu X, = 7y,
(¢!,2%) = (Fu(2'), Fu(2?))

and for a > A(n)

Gan: Br1/2Xn X Br1/2Xn — Zn
(2!, 2%) = (Px,Gon(z' + ax2%),5(—a) Proyx, Gan(z' + axz?)) .

By (3.20) and Lemma 3.6 (Px, 4+ Px(a)x, )| x.., is invertible if a = A(n) for A(n) chosen
large enough. Now (3.25) yields that for a > A(n):

The zeros of g,, are in one-to-one correspondence with the

(3.29) zeros of I' in ug + By, Xon + BryYan.
Note that
(3.30) 0 is the only zero of f,

by (3.26). From Lemma 2.7 we obtain
(331) degloc(fn’ O) - degloc(FTH 0)2 = degloc(F()? 0)2 = I‘degloc(l—‘7 ﬂ>2 7é 0.

Therefore our goal in the rest of the proof is to show that g,, approximates f, well
enough for appropriate a and n such that by homotopy invariance of the degree we can
conclude.

Let us consider n fixed for the moment. Since I'(u) = 0 and since X,, and Y,, are
invariant under R = I'(u), Lemma 2.4(vi) yields

o =" )

It follows that

(3.32) Vi, :=N(f1(0)) = Xo x Xo
(3.33) W, == R(f,(0)) = (Yo N X,,) x (Yo N X,)
(3.34) Ln =V, W,
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and
V,, and W, are invariant under f; (0).

If (y',y*) € W, then
(3.35) 1.0 vz, = I(Ry", Ry*) ||z, = | Ry'[| + IRy

1 1
> = (Il 20 — = (I (s] 22
z 27Uy 1y = 5701 )2,

since y!, 4% € Yy. Moreover
19,0 (0)[| 2, < Cl|Gan(0)]| < O[T (ua)]|

by Lemma 2.4(v), where C' is independent of a > A(n). Therefore from (3.14) it follows
that ||gs.»(0)]z, — 0 and hence by (3.30)

(3.36) Gan(0) = f.(0) + 0(1) as a— oc.
Combining (3.14) again with Lemma 3.8(iv) and Lemma 2.4(vi) yields
||G:1,n(0) - PXa,nF,(ua)|Xa,n || — O as a — 0.

From this fact and from Lemma 3.8(ii) and (iii) we obtain

' (0) Px, G, (0)]x, Px, G, (0)[s@)x, 2(a)|x,
gan =
’ ¥(—a) Pe)x, G n(0)x,  E(—a)Po)x, Gl (0)|5@x, 2(a)| x,

Px, " (ua)|x, Py, T (ua)|52)x,2(a) | x, o))
0]
Y(—a)Pyoyx, I (ua)|x,  E(—a)Ps@x, I (ta)|s@)x, 2(a)|x,

Px,R|x, 0
_ +o(1)
0 Y(—a) Py x, RaX(a)|x,

as a — oo. Note that Px, R|x, = R|x, by invariance and that

Y(—a)Pya)x, RaX(a)|x, = Px,2(—a)R.X(a)|x, = Px,R¥(—a)X(a)|x, = R|x, -
Hence we arrive at
(3.37) Jon(0) = f(0) +0(1) as a — oo.

Denote by @y, and Qyw, the projections with ranges V,, and W), respectively, defined
in Z, corresponding to the splitting (3.34). We use Lemma 3.5, (3.30), (3.35), (3.36)
and (3.37) to make A(n) large enough and to find r3 € (0,7/2] and 6 > 0 with the
following property:

(3.38) a> A(n), z € Sy Zn, |Qu2llz, <0 = [Ifu(2) = gan(2)llz, < (22, -
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Here we choose the constants r3 and 0 given by Lemma 3.5 independently of n and
a > A(n). This is possible since by (3.22) and (3.24) there are independent bounds on
| fallcr+e and ||gan|lc1+e, and since (3.35) is independent of a and n.

Further enlarging A(n) we may assume by Lemma 3.8(i) that for a > A(n)

1 1

3.39 P a < -, Ps, < -—.
(3.39) 1Px, [s(@)x.]l < - | P (a)x, | x|l -

Now we explicitly consider the dependency of the above statements on n again. We
claim that there are ng in Ny and A = A(ng) in G such that the following implication
holds:

(3.40) a>= A, BER, 2 € S,,Z,, 1Qv, 2l 2,y = 0y Gamo(2) = Bfng(2) = B>0.

To prove the claim we argue by contradiction. If the claim is false, by a diagonal
selection process there exist a cofinal sequence (a,) in G, a sequence (3,) in R, and a
sequence (z,) in E with the following properties:

(3.41) an = A(n)
(3.42) Zn € SryZp
(3.43) Bn <0

(3.44) 1Qv,, 2l = 0
(3.45) gan,n(zn) = ﬂnfn(zn) :

Set z, = (2}, 22) where 2! € X,, for i = 1,2. Denote ¢ := Px,z! and x, := (z},22).
Then z, = Qv, 2, € Vo and 0 < [|za|z, = ||2,]|+[l27 ]| After extraction of a subsequence
and relabeling we may assume that ||z} || > 6/2 for all n (otherwise exchange the roles of
z} and z2 below). Since ||z}|| < ||zullz, = 73, after repeatedly passing to a subsequence
we may assume that z! — 2! € E. Since Py, is finite-dimensional, x! — Px, z'. This
yields || Px,z'|| > 6/2 and hence 2! # 0.

We have to consider the maps &, and 7, obtained in the definition of the reductions
F, and G, ,,. By (3.22) ||rkn(2})| remains bounded. Since k,(z;.) € Y, for all n it follows

that lim,, || Px,,kn(2})]| = 0 for every m in Ny. Remark 3.7 yields
Kn(22) =0 as n — 0o,
and from (F3.3) we obtain
(3.46) Fo(2)) =T(u+ 28 + kn(2))) = T(a + 21) .
Let us turn to the weak limit of G,, (2} + a, * 22). Since (a,) is cofinal we have
(3.47) Ug, — U .

Moreover ||a, x 22|| < r3 and (a, * 22) € X(a,)X,. Hence ||Px,[a, * 22]|| < r3/n by
(3.39). Therefore || Py, [a, * 22]|| — 0 as n — oo, for all m in Ny. Again by Remark 3.7

(3.48) an*x 22 —0 asn — oo.
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Since 74, n(2L + a, x 22) € Y,, » C Y, is bounded by (3.24), Remark 3.7 yields
(3.49) Napm (2L + anx22) =0 asn — oo.

n

From (3.47), (3.48), and (3.49) we obtain

(3.50) Px,Gap,n(z: + a, * 22)
= Px,I'(uq, + zib + a, * zfl + nan’n(zrll + a, *zi)) —I'(u+ zl) .

Here we have used the fact that if u,, — u in E, then also Px, u,, — u in E by (3.19).
Recall that 4 is the only zero of I' in B, (u; E), by (3.23) and (3.26). Therefore z' # 0
and [|z!|| < r3 imply that

(3.51) D(a+2')#0.
From (3.45) and the definition of f,, and g, it follows that
(Px,Gapn(2n + an 5 2), T+ 2Y)) = BulFou(z,), D(u+ 2Y)) -

Combining this with (3.46), (3.50), and (3.51) yields 3, — 1 as n — oo, in contradiction
with (3.43). This concludes the proof of the claim and of (3.40).

We are now in the position to finish the proof of the theorem. Fix a in G with
a > A= A(ng) such that

(3.52) 1D (u,) — 20 (a)| <

DO ™

This is possible by (3.13). From (3.38) and (3.40) we deduce the implication

2 € SryZngs BER, Game(2) =Pfuo(2) = [>0.

Together with (3.30) this implies that the linear homotopy H(t,2) := (1 — t)fn,(2) +
tdan,(2), defined on [0, 1] X B,,Z,,, satisfies

0¢ H([0,1] X Sp3Zn,) -

In view of (3.31) we have deg(fny, UrsZn,,0) # 0. By the homotopy invariance of the
degree also ¢,,, must have a zero in U,,Z,,. Hence (3.29) yields a zero v of I' in
Uq + By Xon + BryYan. From (3.27), (3.28), and (3.52) we now deduce

lua — vl < e

and
|D(v) —20(u)| < €.

This proves the first assertion of the theorem.
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To show item b) of Theorem 3.4 assume that (G3.4) holds. Following [15], for n € N
and for a subset W C FE let us denote

To(W) = {Zai*ui

i=1

1<k<n, uy;eW, CL,‘EQ}.

Using (G3.4) it can be proved in the same way as in [15, Prop. 1.55] that
(3.53) O (W) :=1nf{ |Ju —v|| | u,v € T,(W), u#v} >0 if W is finite.

In the proof one only needs to replace “bounded sequence” with “sequence with no
cofinal subsequence” and “unbounded sequence” with “sequence that contains cofinal
subsequences”.

Fix e > 0 and k € N~ {1}. Set § := 6 ({u}) as in (3.53). By what we have already
proved there is A in G such that, denoting

k
X = {Zai*ﬂ

i=1

a; €3G, ai—aj>Aforz‘7éj}§77€({ﬂ}),

for every uw in X it holds that

Byys(u) N KEte £ o

kc—e

By the definition of ¢ it now suffices to show that X /G is infinite.
For this purpose, fix elements ay, as, ..., ay_1 € G such that a; —a; > A for i # j and

k-1
v::Zai*ﬂ#O.
i=1

This is possible since u # 0, ||-||> BL-splits and G contains cofinal sequences.

Let (b,) denote a cofinal sequence in G such that b, —a; = A and a; — b, = A for all
1=1,2,...,k—1 and all n. It follows that v + b, xu € X for all n. Now we argue by
contradiction. If X/G is finite, after passing to a subsequence there is a sequence (¢, ) in
G and some w € E such that v + b, x & = ¢, » w for all n. Clearly, (¢,) cannot contain
a constant subsequence, since u # 0 and (b,) is cofinal. Passing to a subsequence, by
(G3.4) we may therefore assume that (c,) is cofinal. Then v = ¢, xw — b, xu — 0 as
n — oo. This contradicts v # 0.

The proof of the theorem is complete. O

Proof of Lemma 3.8. (i) is a direct consequence of (3.20). To prove the other parts we
first show

(3.54) lim|| Px,, Ko = lim|[ Po@x, Kl =0
(3.55) Lim|| K| x, | = | Kz x, =0
(3.56) lim| Pogoyx, Llx, | = 1im{| Px, Lis@x, [l =0
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Recall the identities given in (3.10) and (3.11). In what follows let (a,,) be any cofinal
sequence in G. Suppose that (z,,) is a sequence in S1 E. After extraction of a subsequence
we may assume that there is x in E such that (—a,,) * z,, — x. Then K, z, =
Y(am)K[(—am) *x x,] — 0 since K[(—ay,) * x,] — Kz by the compactness of K, and
by (G3.2) and (G3.3). Since Py, is finite-dimensional we obtain Px, K, 2z, — 0 as
n — oo. The same argument applied to Py(,)x,/ then yields (3.54). The proof of
(3.55) is similar.

Suppose now that (x,,) is a sequence in S;.X,,. Since X, is finite-dimensional (—a,,) *
xm — 0. Hence also L[(—a,) * ©,,] — 0. Condition (L3.2) and the compactness of P,
yield Psyx, Lxm = X(am)Px, L(—an) * ©,] — 0 as m — co. The other half of (3.56)
is proved similarly.

The statements (ii) and (iii) now follow from (3.15) and (3.54)—(3.56).

Recall that by (3.9) and the definition of X,, the subspaces ¥(a)X,, and ¥X(a)Y, are
mutually orthogonal and invariant under R,, if a € G. Therefore (3.15) and (3.54) yield

lim|| Px T = lim||Px (L — K — K, = lim|| P, =
i Py ()|, | = lim] P, il =l Py, Ry | = 0
and
| Pogay e, I (ta) @y, | = 1| o) x, (L = K = Ko) |z @y, |
=i P =
alélglﬂ ()X Ral @)y, || = 0
Moreover, from (3.20) and Lemma 3.6 we know that
lim|| Py, — Px. — P —0.
a}ég” Xa,,n Xn Z(a))<n || O
Since Y,,, X(a)Y,, C Y, ,, these identities imply
. / < . / : / —
i P, (1) | Bl P, T |+ Bl P, s, | = 0
and prove (iv).
To show (v), note that by (iv) it suffices to prove

1
3.57 liminf inf ||T(ue)yl > — .
(3.57) minf inf [T (ua)yll = o7
Thus suppose that (a,,) is a cofinal sequence in G and that (y,,) is a sequence in S;Y, .
Extracting subsequences we may assume that

m — U €Y,
(3.58) Y
(—am) * Y — w €Y,

since (ym) C Y, and ((—am) * Ym) C Yo, We set 2, 1= Y — U — @y * w.
From here one proceeds exactly as in the proof of (3.16). Only note that now we have
to use (3.58) to see ||Rv|| > ||v||/M and ||Rw|| > ||w||/M, and that

1 1
| Rzl = | RPy, zmll + 0(1) 2 1 Pzl + 0(1) = |zl + 0(1)

since from z,, — 0 it follows that Px, 2, — 0 as m — oo. This proves (3.57) and thus
(V). d
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4. Mountain Pass Geometry

Recall the setting of Section 3. The application of Theorem 3.4 requires that we produce
an isolated critical point with nonzero reduced local degree. In the present section we do
this in the classical framework of mountain pass geometry [7] that arises if L is positive
and U in (3.1) is superquadratic. To keep the presentation short we do not strive for
utmost generality here.

The assumptions in this section are (G3.1)—(G3.3), (F3.1)—(F3.5), (L3.1), (L3.2), and
o(L) € R*. By using a suitable equivalent scalar product (-,-) and an associated
equivalent norm |[|-|| on £ we may assume that L = I and

D) = gllull* ~ W(w).

In addition we assume:

(G4.1) If A C G contains no cofinal sequence then A x u is relatively compact for every

uec k.
(F4.1) W is weakly sequentially lower semicontinuous.
(F4.2) There is 6 > 2 such that V'(u)u > 0¥ (u) > 0 for every u € E ~\ {0}.
(F4.3) V"(u)[u,u] > V' (u)u for all u € E ~\ {0}.
(F4.4) If (uy,) is a bounded sequence in E and a,, x u,, = 0 as n — oo for all sequences

I
(an) in G then V'(u,)u, — 0.

Recall that we denote by IC the set of nontrivial critical points of ®. The following
proposition yields the statement of Theorem 1.2 if it is combined with Theorem 3.4.

4.1 Proposition. Under the hypotheses listed above, IC is not empty, closed, and P
achieves a positive minimum on K. Moreover, denoting cpin := min ®(KC) > 0, every
isolated critical point in K(cmin) has nonzero reduced local degree.

Since these facts are more or less known the proof consists mainly of references to the
literature. It will be given in Section 4.1, exactly keeping track of assumptions for better
reference. This is necessary since the strongly indefinite case (handled in Section 5) relies
on the results of the present section, under a different set of hypotheses.

Some remarks on the assumptions we impose on the action of G on E are in or-
der. First, (G4.1) is clearly a consequence of (G3.4). On the other hand, consider the
condition

(G4.2) The stabilizer of every w in E ~ {0} is finite.

Recall that the stabilizer of u in E is the set of a in G such that a x 4 = u. Under our
present assumptions (G3.4) follows from (G4.1) and (G4.2) if existence of an isolated
critical point of ® is assumed. To see this, suppose that u is an isolated critical point
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of ® and that A is an infinite subset of G. By invariance G * ¢ has no accumulation
point in E. If A contains no cofinal sequence, then by (G4.1) the set A x u is relative
compact, and it is infinite by (G4.2), a contradiction. In our applications hypothesis
(G4.2) is satisfied, so (G3.4) is necessary for the existence of isolated critical points. The
main reason we do not assume (G3.4) in the present section is that we want to state
Lemma 4.2 below under the weaker assumption (G4.1).

4.1. Proof of Proposition 4.1
First recall that from the BL-splitting property it follows that

(X4.1) ¥(0) =0, ¥'(0) =0, and ¥"(0) = 0.

Using (F4.3) it is easy to verify:

(X4.2) If u € £~ {0} satisfies ®'(u)u = 0 then & (u)[u,u] < 0.

In [1, Lemma 4.2] it was shown that the following is a consequence of (F4.1) and (F4.2):

(X4.3) If Z is a finite-dimensional subspace of E then ®(u) — —o0 as ||u|| = oo, u in
Z.

Next we establish the standard splitting lemma.

4.2 Lemma. Recall that we have set ¢y = inf ®(K). [t follows that cyy, > 0. For
¢ € R suppose that (u,) C E is a (PS).-sequence for ®. Then either ¢ = 0 and u, — 0
or ¢ > Cpin and there are k € N, k < [¢/cmin], and for each 1 < i < k a sequence
(@in)n € G and an element v; € K such that, after extraction of a subsequence of (uy,),

— 0

k
Uy — Z @iy * V;
i=1

k k
@(Z Qg * Ui> — Z O(v;) =c¢
i=1 i=1

and (a;, — @jn)n s cofinal for fived i # j.

Proof. For a simple proof in an abstract setting see [1, Lemmata 4.3 and 4.5]. Only
the last statement deserves explanation. If u, — 0 in E and if (a,) € G contains no
cofinal subsequence, then for every v € E the sequence ((—a,) * v) is relative compact
by (G4.1). Hence (a,, * uy,,v) = (uy, (—a,)*v) — 0. This shows that a, *u,, — 0. With
this fact in mind it is easy to transfer the proof to the present setting. O

4.3 Remark. In what follows we will only make use of (X4.1)—(X4.3) and of Lemma 4.2.

We need to introduce some more notation and concepts. First denote

P :={ueF|du)<c}
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for ¢ in R. Following Hofer [24] we say that a critical point @ of ® is of mountain pass
type if for every small enough neighborhood U of @ and ¢ = ®(u) the set ®°N U is not
empty and not path connected.

From (X4.1) and (X4.3) one concludes that ® has Mountain Pass geometry in the
following sense: ®(0) = 0, inf ®(S,E) > 0 for some r > 0, and there exists u in F
with ||u|| > r and ®(u) < 0. Hence there is a Palais-Smale sequence at a positive level
(see e.g. [45, Theorem 1.15]) and Lemma 4.2 yields K # @. Another application of
Lemma 4.2 shows that ® achieves its positive infimum c¢,;, on K.

For fixed v in F consider the map g,: R{ — R given by g,(t) := ®(tu). From (X4.1)
and (X4.3) it follows that ¢,(0) = 0, ¢,(t) > 0 for small ¢ > 0, and g¢,(t) - —o0o as
t — oo. Moreover, by (X4.2) ¢/(t) < 0if t > 0 and ¢, (t) = 0. Hence there is a unique
t, > 0 such that ¢/ (t,) = 0, and g, achieves its maximum in ¢,. If u € IC then ¢, = 1.

It follows from these facts that ®min has exactly two path connected components, one
of them containing 0 (see e.g. the proof of [34, Lemma 3.1]). Moreover, every element
in (cpin) is of mountain pass type, and its Morse index is not zero.

Suppose now that u is an isolated critical point of ® in K(cppm). The generalized
Morse Lemma [14, Theorem 5.1] and the proof of [24, Theorem 2] yield that 0 is a strict
local minimum of the reduction of ® at u to N'(I''(w)). Then rdeg,.(®, u) # 0, as is well
known (see e.g. [6,37]). This finishes the proof. O

5. Strongly Indefinite Geometry

Keeping the notation of Section 3 we now turn to the case of indefinite L. The strategy
is to assume convexity of W, and to reduce the problem of finding an isolated critical
point of ® with nonvanishing reduced local degree to the mountain pass case handled in
Section 4. This idea can be traced back to [5,13] and was also used in [12].

Again we assume (G3.1)—(G3.3), (F3.1)—(F3.5) , (L3.1) and (L3.2). By a suitable
change of scalar product and norm on £ we may assume the following setting: We are
given a splitting £ = E* @ E~ of E into orthogonal subspaces E* with associated
bounded projections P*. For u € E we write u* := P*u. The spaces E* are invariant
under the action of G, and the projections P* are equivariant. Moreover, L = Pt — P~

and 1
®(w) = Sl =l *) = U(w) .
From Section 4 we assume hypotheses (G4.1), (F4.2) and (F4.4). Moreover we make

the assumptions that
(F5.1) W is convex
(F5.2) A': E,, — L4(F) is sequentially continuous at 0

(F5.3) There are C
limg o k(t) =
that

0 and a map x: Rf — R with the following properties:

>
0, k(t) < C(1+t) for all t > 0, and for all v € FE it holds

1" ()] < K (u)u) .
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(F5.4) For every u € E \ {0} and v € E' it holds that

(V" (w)fu, u] = ' (w)u) + 2(¥" (u)u, o] = ¥ (u)v) + ¥ (u)v,v] > 0

The following theorem yields the statement of Theorem 1.2 if it is combined with
Proposition 4.1, Remark 4.3 and Theorem 3.4. Note that for the restricted group action
of G on E* (G3.1)-(G3.3) and (G4.1) are also satisfied (replacing £ by E*).

5.1 Theorem. There is a map h in C*(E™, E7) that is uniquely defined by either one
of the following properties: For v € Et andv € E~

(5.1) v#h(u) & Plutv) < P(u+ h(u))
v=h(u) < P T(ut+v)=0.

Define @,.: Et — R by ®,.(u) := ®(u+h(u)) and let T, denote the gradient of ®,.. Then
we have:

a) h € CY(E*, E™) uniformly on bounded subsets.

b) Critical points of ®, and ® are in one to one correspondence via the injective map
u— u+ h(u) from ET into E.

c¢) @, has the form ®,(u) = 3| ul|* =V, (u) where, replacing E by E*, ® by ®, and ¥
by U, conditions (F3.1)~(F3.5) and (X4.1)~(X4.3) apply. In addztwn, Lemma 4.2
is valid.

The proof will be given in Section 5.2.

5.1. More on the BL-splitting Property

Here we collect some results that allow us to prove the BL-splitting property for com-
positions of BL-splitting maps.

5.2 Definition. Suppose that X, Y and Z are Banach spaces and that K: X — L(Y, Z)
is a map. We say that K satisfies condition (K) if the following hold

(i) K BL-splits

(iii) K(z) is a compact operator for all z € X

)

(ii) K is bounded
)

(iv) K: X, —» Ls(Y,Z) and K*: X,, — L(Z*,Y*) are sequentially continuous at 0.

5.3 Lemma. Suppose that W, XY and Z are Banach spaces, Ki: W — L(X,)Y),
Ko: W — L(Y,Z), and Ky and K, satisfy (K). Then K: W — L(X,Z) defined by
K(w) := Ky(w)K;(w) satisfies (K).
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Proof. First we show that K BL-splits. Suppose that w, — w in W. Take a sequence

(5.3) K2 (w) Ky (wn — w)an|| 2 [[ Ko (w) Ky (wn —w)| = ib

for all n. For every y* € Y* we obtain from (iv) of condition (K) for K} and from
K,(0) =0 that K{(w, —w)y* — 0 and thus

y K (wn — w)a,] = Ki(wn — w)[y"]lz,] = 0

since (x,,) is bounded. Hence K;(w, —w)z, — 0in Y, so Ky(w)K;(w, —w)x, — 0 by
the compactness of Ky(w). Together with (5.3) it follows that

(5.4) | Ka(w) Ky (w, — w)|lzx,zy = 0 asn — oo.

Take a sequence (z,,) in S1.X with
1
(5:5) 12 (wn — w) Ky (w)an]| 2 [[K2(wn —w)Ki(w)]| = —

for all n. By compactness of K;(w), passing to a subsequence we may assume that
Ky (w)z, converges in Y. Now the boundedness of K, (iv) of condition (K) for Ks, and
K5(0) = 0 imply that Ks(w, — w)K;(w)z, — 0. Hence (5.5) yields

(5.6) | Ko (wy, — w) Ky (w)||zx,z)y =0 asn— oo.
Using (5.4), (5.6), and (i) and (ii) of (K) for K; and K5 we obtain
K(w,) = (Kz(w) + Ky (w, — w))(K;(w) + Ki(w, —w)) + o(1)
= K(w) + K(w, —w) + o(1)

as n — 0o and hence the BL-splitting property for K. Routine checks show that K also
satisfies (ii), (iii) and (iv) of condition (K). O

The next lemma is a straightforward consequence of the spectral theorem.

5.4 Lemma. Suppose that Z is a Hilbert space, K € L(Z) is compact, selfadjoint,
and o(K) C [0,00). Then (I + K) is invertible and ||(I + K)7'|| < 1. Setting L :=
I —(I+K)™' we have |L|| <1 and ||Lz|| < 2||Kz|| for every z € Z.

5.5 Lemma. Suppose that X is a Banach space, Z a Hilbert space, K: X — L(Z)
satisfies (K), and K(x) is selfadjoint with o(K(x)) C [0,00) for every x € X. Define
L: X = L(Z) by L(x) :=1— (I + K(x))~'. Then L satisfies condition (K).

Proof. From Lemma 5.4 and from the selfadjointness of K and L (ii)—(iv) of condition
(K) for L follow at once. Therefore it only remains to show the BL-splitting property
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for L. Suppose that z, — z in X. From condition (K) for K it follows as in the proof
of (5.4) and (5.6) that

1K () K (20 — 2)[| = 0

(57 1K (2 — 2)K(2)]) — 0

as n — 0o. Moreover by BL-splitting and boundedness of K

K(x,)K(z, — x) — K(z, — 2)K(2,,)

Hence

and similarly
(5.8) K(z,)K(x) = K(z)K(x,) +0(1) .
Now set a, = K(z,), b == K(z) and ¢, := K(z, — ). These linear operators

are uniformly bounded since K is a bounded map. In the following straightforward
computation we will thus freely commute a,, b and ¢, a finite number of times, only

adding terms o(1) by (5.7)—(5.8):

(I + an)(I+b)(I + cp)(L(xy) — L(z) — L(z, — 7))
=T+ a)I+b)I +c)(—T+T+b) "+ +c) =T +a,)™)
=a, —b—c, — (2] + a,)bc, + o(1)
=0(1).

Here the last equality holds since K BL-splits and by (5.7). Note that by Lemma 5.4
(I +a,)" Y|, |(I+b)7 and ||(I +c¢,) || remain bounded by 1, so we can conclude. [

5.2. Proof of Theorem 5.1
We start by constructing the map h. For fixed u € E* define ¢,: E~ — R by

pu(v) = O(u+v) = ;(HUII2 —[lvl*) = T(u+v).
From the convexity of W it follows that
(5.9) U (u)[v,v] >0
for all u,v in E, and hence

(5.10) (V) [w, w] = " (u +v)[w, w] = —[lw]]* — P (u+ v)[w, w] < —|uw|*
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for all v, w in E~. Moreover

(ful* = 1lol*)

N[ —

Spu(v) <

since ¥ > 0. Therefore ¢, is strictly concave and limjjy|—o ¢u(v) = —00. From weak
sequential upper semicontinuity of ¢, it follows that there is a unique strict maximum
point h(u) for ¢,, which is also the only critical point of ¢, on E~. This proves (5.1)
and (5.2).

For later use we note that (5.10) and ¢! (h(u)) = 0 imply for all w € E* and v € E~
that

eul) = pulh(w) = [ (1= 1A + 10— h(u))) o — ha), v — ha)
< —5llo  h(w)?
and hence
(5.11) [R(u) — v]|> < 2(D(u + h(u)) — D(u+v)) .
From (5.10) it follows that P~I"(u + h(u))|g- is an isomorphism with
(5.12) I(P~T (u+ h(w)|p-) " < 1
for every u € ET. Hence Lemma 2.4 yields that locally h € C** and

W(u) = —(P7T"(u+ h(u)|p-) " P7T'(u + h(u))| g+
(5.13) = —(Ig-+P Ku)|g- ) 'P K(u)|g+
=(Ig- —(Ig- + P K(u)|g-) " YP K(u)|g+ — P~ K(u)|g+

Here we have set

(5.14) K(u) := N(u+ h(u))

for u € E*. Moreover we see from Lemma 2.4 and ®'(0) = 0 that
h(0) =0

and hence by (5.13) that
h'(0)=0.

Observe that by (F3.1), (F3.2), (F3.4), (F5.2), and by the selfadjointness of A’(u) for
every u € E the map A’ satisfies condition (K).
The next Lemma implies a) of Theorem 5.1.

5.6 Lemma. (i) h is equivariant under G.

(i) The map h is in CYT(E™, E7), uniformly on bounded subsets.
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(iii) h is weakly sequentially continuous and BL-splits.
(iv) A’ satisfies condition (K).
Proof. (i) If u € E* and a € G we have by invariance of ® and by (5.1)
Olaxu+ h(axu)) = P(u+ (—a)xh(a*xu)) < P(u+ h(u))
=P(axutaxh(u) <Plaxu+ hlaxu)).
Hence the inequalities are in fact equalities, and
Slaxu+axh(u) =P(axu+ hlaxu))
together with (5.1) implies that a x h(u) = h(a * u).
(ii) For u € E* we obtain from (5.1) and ¥ > 0 that
0<P(u+ h(u)) —P(u) = —;||h(u)||2 + U(u) — ¥(u+ h(u)) < —;Hh(u)H2 + U(u) .

Hence the boundedness of ¥ implies that of h. Now the boundedness of A and A’ imply
the boundedness of A’ in view of (5.12) and (5.13). Moreover boundedness of h, (5.12),
(F3.1), and Lemma 2.4 imply that for each r > 0 there are C' > 0 and r5 > 0 such that

1B (w) = W (W) < Cllu—v||*

holds whenever u,v € EY, ||lu — v|| < 7y, and ||ul|, ||v]] < r;. Together with the bound-
edness of A’ this yields uniform Hoélder continuity of A’ with exponent o on bounded
subsets of ET.

(iii) First we claim that
(5.15) h is weakly sequentially continuous at 0.

To see this suppose that u,, — 0 in E*. Since h is bounded, passing to a subsequence
we may assume that h(u,) — v in E~. Then u, + h(u,) — v. Now (5.1) together with
¥ > 0 and the BL-splitting property of ® implies that

< —®(v) = P(uy + h(u,) —v) — P(uy + h(uy)) + o(1) < o(1)

S|

—|lv

2

as n — 0o. Hence v =0, and (5.15) is proved since h(0) = 0.
Next we show that

(5.16) h BL-splits.

Suppose therefore that u, — w in E¥. We may again assume that h(u,) — v in E.
Note that h(u, —u) = h(0) = 0 by (5.15). Using that ® BL-splits, we therefore obtain

O (uy + h(uy)) = (u+v) + P(u, —u+ h(u,) —v) +o(1)
< O(u+ h(u)) + D(u, —u+ h(u, —u)) +o(1) by (5.1)
= O (uy, + h(u) + h(u, —u)) + o(1) by (5.15)
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as n — o0o. Together with (5.11) it now follows that
1R () = o) = hun = w)|[* < 2(®(up + h(un)) = D(un + h(u) + h(un —u))) < o(1)

and (5.16) is proved.
It is clear that (5.15) and (5.16) imply that

h is weakly sequentially continuous.

(iv) Since A’ satisfies (K), h BL-splits, and h is bounded and weakly sequentially
continuous, it is straightforward to see that K as defined in (5.14) also satisfies condition
(K). Hence the claim follows from (5.9), (5.13), and Lemmata 5.3 and 5.5. O

Define ®, and I', as in the statement of the theorem. From (5.2) it is clear that b) of
Theorem 5.1 holds. Moreover it is easy to see that ®, € C*T*(ET R) and

(5.17) T, (u)
(5.18) I (u)

C(u+ h(u)) =P T(u+ h(u)) .
T+ h(u)(I + () = PTT(w+ h(u))(I + W (u)

We now turn to the proof of ¢). Set
1
U (w) == S hu)|]” + ¥ (u+ h(w)

for w in E*. Tt follows that ®,(u) = 1||ul®* — ¥,(u). From (5.2) we obtain for u in E*
that

(5.19) P A(u+ h(u)) = —h(u)
and hence for all v in E*

U (w)v = (h(u), W (u)v) + (Au + h(u)),v + B (u)v) = (PTA(u+ h(u)),v) .
Denoting by A, the gradient of U, this yields

(5.20) Ay (u) = PTA(u+ h(u))
(5.21) Al (u) = PTK(u)|g+ + PTK(u)h (u) .

Using the properties of ¥, K and h it is straightforward to check that (F3.1)-(F3.5)
and (X4.1) hold if E is replaced by ET, @ is replaced by ®, and W is replaced by V,..

To see (X4.2) fix x in BT ~ {0} with ®/(z)x = 0, and set w = = + h(z) and v =
B (xz)x — h(z) € E~. Then u # 0 and by (5.19)

(522) 0= (z)r = [|z]* - ¥L(2)z = 2] - (A(w), )
= [l2I* = [Ih(@)[I* = (A(u), x + h(x)) = lu"]|* = [lu”[|* = (Au), )

and

(5.23) P A(u) = —u~
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We now calculate using u # 0, v € E~, (5.18), (5.19), (5.22), (5.23) and (F5.4):
&(2) [z, 2] = (T(2)x, )

= ((w)z + W ()], z + I (z)z)

= (I"(u)[u + v],u + v)

= (M(wu, u) + 2" (u)u, v) + (I (wv, v)
= [lu 1 = flu " = (N (W, u) + 2(ut — ™ = A (u)u, v)

+ (=0 =N (u)v,v)
= (M) = N(w)u, u) + 2(Aw) = N(u)u, v) = (A (u)v,v) — ||v]?
"(w)u =W (w)lu, u]) + 2V (u)v — W (u)[u, 0]

= " (u)[v,v] — ||l
<0.
This proves (X4.2).

5.7 Remark. The above computation using condition (F5.4) goes back to an idea of
Pankov [35]. It was also used in [29].

Turning to the proof of (X4.3) for ®, defined on E™ suppose that Z is a finite-
dimensional subspace of E*. If u € Z then u+ h(u) € Z ® E~, and ||u + h(u)|| —
oo as |lu|| — oo. Observe that the convexity of ¥ implies its weak sequential lower
semicontinuity. This fact together with (F4.2) is sufficient to use Lemma 4.2 in [1].
Applying this lemma we obtain that

O, (u) = P(u+ h(u)) - —oc0

as ||u|| = oo and u € Z.
It only remains to prove the assertion of Lemma 4.2 for ®,. Set

K,:={ue E"~{0}|® (u)=0}.

By b) of Theorem 5.1 K = {u+ h(u) | v € K, } and K, = PTK. It was shown
in [1, Lemma 4.3] that inf ®(XC) > 0. From inf ®,(K,) = inf &(K) it follows that cpin :=
inf ®,.(KC,) > 0. Suppose now that ¢ € R and that (x,) C ET is a (PS).-sequence for ®,..
Since P~I'(z, + h(z,)) = 0 it follows immediately from (5.17) that w, := x,, + h(z,)
defines a (PS).-sequence for ®. We can apply Lemma 4.2 for ®, which can be proved
under our present conditions on ® (see [1]). Hence either ¢ = 0 or ¢ > ¢yin. In the first
case u, — 0 and z,, = Ptu,, — 0 as n — oo. In the second case let k in N, (a;,), in
G and v; in K be given with the properties stated in Lemma 4.2. Set y; := P*v;, so
v; = y; + h(y;) and y; € K,.. Clearly

k
=Y Ain*y =o(1)
=1

k
= HP+ <un — Z Qin * vi>
i-1

as n — 0o. Moreover

c= ;@(vi) = ;@T(yi) =, (2:1 Qin *yi> +o(1)

as n — oo since @, BL-splits and is G-invariant. This finishes the proof of Theorem 5.1.
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6. Applications

To apply the abstract theorems proved in the preceding sections we now analyze the
relevant properties of the variational functionals involved. As in the introduction let
us denote E := HY(RY), and let T denote the unique selfadjoint operator induced on
L*(RY) by —A + V. Moreover, assume condition (Al.1). In what follows, for ¢t > 0 we
write Lt := L{(RY).

6.1. The Group Action

Recall the definition of the action of Z" on E by translation, as described in Section 1.3.
We define G := Z" and define the direction > on G as follows: If a,b € G, then a > b if
and only if |a| > |b|. It is clear that then (G3.1)-(G3.4), (G4.1) and (G4.2) hold for the
action of G on FE.

6.2. The Quadratic Part

Denote E* := E N (L?)*, where (L?)* are the generalized eigenspaces of T in L? cor-
responding to the positive and negative part of o(T). Of course, if o(T) C RT then
E~ = {0}. Denote by P* the pair of bounded projections induced by the splitting
E = ET® E~. For uin E we write u® := PTu. The projections P* are equivariant
and the spaces E* invariant under the action of Z*.

As is often done we endow E with the scalar product

(u, v) = (|T"?u, |T|"?0)

The projections P* are orthogonal with respect to (- ,-), and the norm induced by this
new scalar product will be denoted by |[|-||. It is equivalent to the original norm on
H'(RY) introduced in Section 1.5. We can now write

L Val +Vi@)?) do = ot 2 = |

6.3. Analysis of Multiplication and Superposition Operators

The proof of regularity, compactness and BL-splitting properties of the superquadratic
part in the energy functional will be based on the following technical lemmata.

6.1 Lemma. Suppose that s,t, > 1 are given with
1 1 1
4=,

s t u

Then the bilinear map

L¥ x L' = L*
(u,v) = uv
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is bounded with |uwvl|, < |uls|v]e. If (u,) and (v,) are bounded sequences in L* and L'
respectively, if w € L® and v € L*, u,, = w in L* and v, — v in L} ., then u,v, — uv in
L.

We omit the easy proof. For the second statement see also the proof of [1, Lemma 3.1].

6.2 Lemma. Suppose we are given r,s,t € [1,00), U € L", such that

1 1 1
—+-=14-.
r S t

Then the linear operator
L — L
ur—Uxu
is bounded and |U x u|; < |Ul|,|uls. Ifw is in L* and if (u,) is a bounded sequence in L*

such that u, — w in L{ ., then (U * u,) is bounded in L' and U * u,, — U *u in L} . as
n — oo.

The preceding lemma was also proved in [1, Lemma 3.1].
Now we formulate yet another variant of the well-known Brezis-Lieb Lemma [11]. A
similar statement was proved in [1, Lemma 3.2].

6.3 Lemma. Suppose we are given t > 1, y > 0 such that tu > 1. Suppose that
f:RY x R — R is a Caratheodory function such that there is C > 0 with

(@, u)] < Clul*

for all x and u. Denote by Xy the (continuous) superposition operator induced by f,
mapping L™ into L', and assume that X is uniformly continuous on bounded subsets.

Then for every bounded sequence (uy) in L* that converges in L. to some u € L% it
holds that

Yr(un) — 2p(uy —u) = Xp(u) in L'
as n — 0o.

Proof. Assume by contradiction that after passing to a subsequence it holds that
(6.1) li7£r_1>i£fHEf(un)—Ef(un—u)—Ef(u)HLt >0.
Define functions @, : [0,00) — [0, 00) by
Qn(R) ::/ |, | da
Br

Then the functions @),, are uniformly bounded and nondecreasing. Passing to a subse-
quence we may assume that (@Q,,) converges pointwise almost everywhere to a bounded
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nondecreasing function @ [30]. Again passing to a subsequence it is easy to build a
sequence R,, — oo such that for every € > 0 there is R > 0, arbitrarily large, with

lim sup(Qn(Ry) — Qu(R)) <.

n—oo

Hence for fixed € > 0 we may choose R > 0 such that

lim sup lu,|"dz <e  and / lu|*de < e .
n—oo BRn\BR RN\BR

Set v, 1= XBp, u. From the continuity of ¥ on L'"(Bpg) we obtain

lim |f(2,un) — f(2,un —v,) — f(z,0,)]" da

n—oo Bgr

= lim |f(z,un) — f(x,un —u) — f(z,u)['dz = 0.

n—oo BR

From this it follows that

hIIlSllp N|f(x,un)—f(x,un—vn)—f(x,vn)FdI

n—00 R
Stimsup [ 1) — (st — ) — (5w d
n—0o0 BRn\BR
< C'limsup (Jun | + |un — ul* + [u*)" dz
n—o0 BRn\BR
< C'lim sup (Jun|™ + [u*) dz
n—oo BRn Br
< Ce

where C'is independent of €. Letting € tend to 0 and using that v, — u in L we obtain
Si(un) — Bp(uy —v,) — Sp(w) =0 in L.
Hence by (6.1)
lin 05 (1t — ) — St — )| = T S (1) — Sy(0) = Sy — W)l >0,

in contradiction with the uniform continuity of ¢ on bounded subsets of L. U

6.4. The Local Equation

Recall the assumptions (A1.2)-(A1.4) we have required on f. Also recall the embeddings
E — LP for p € [2,2%). It holds that if w, — w in E then (u,) is bounded in L and
converges to u in LY . for p € [2,2*). The nonlinearity can be written as f = f! + f2
where

(6.2) [ fo (@, )] < C(Juf™ )
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for i = 1,2. Therefore it is easy to prove (F3.1)-(F3.5), (F4.1)-(F4.3), (F5.1) and (F5.2)
for U: £ — R defined by

U(u) := /]RN F(z,u)dx,

using Lemmata 6.1 and 6.3. One should keep in mind here that the composition of a
BL-splitting map with a bounded linear operator also BL-splits.

To see that (F4.4) holds, suppose that (u,) is a bounded sequence in E such that
a, * u, — 0 as n — oo for every sequence (a,) in G. It follows that a, * u, — 0 in L
for every sequence (a,) in G and every p € [2,2*). Hence

lim sup |u,Pde =0
790 2eRN J Br(x)

for every R > 0 and p € [2,2*). Now the Vanishing Lemma of Lions [31, Lemma I.1]
implies that u, — 0 as n — oo in L? for every p € (2,2*), and so V'(u,)[u,] — 0.
For the splitting f = f! + f? introduced above we easily obtain from (6.2) that

[f'(,u)

for i = 1,2. Here p; denotes the Holder exponent conjugate to p;. Therefore

< C (1/\11/(11)’& - \If’(u)u>

< Cf(, u)u

[ (u)]

and (F5.3) is satisfied.
It remains to prove (F5.4). First note that for a,b,¢ € R with a,c¢ > 0 we have the
implications

(6.3) v’ < ac = a+2b+c¢>0
(6.4) b’ < ac = a+2b+c>0.
Consider some fixed z in RY and u,v € R. For convenience set f := f(x,u), f =

fulz,u) and g = (f'u?® — fu) + 2(f'u — f)v + f'v?. Then u = 0 implies g = 0, and
u # 0 and v = 0 implies g > 0 by (Al.4). If u,v # 0 we find from (A1.4) that f/u > 0.
Together with (A1.4) again this implies (f'u— f)%*v? < (f'u® — fu) f'v?, and hence g > 0
by (6.4). All in all we see that g > 0, g > 0 if u # 0, and therefore, if u € E \ {0} and
v € E, we have

(W (), u] = W' (w)u) + 2(W" (u)u, o] — ¥ (u)v) + ¥ (u)[v, v]
(7 = fu) + 20w = fo+ £42) > 0.

_RN

Having proved all the necessary assumptions on ®, Theorem 1.2 for (L) is a conse-
quence of Theorem 3.4, Proposition 4.1 and Theorem 5.1.
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6.5. The Nonlocal Equation

In the setting of the nonlocal equation we assume conditions (A1.5)—(A1.7) and define
VU: E— R by

U(u) = 411/1R3(W s u?)u? d .

To facilitate the calculations, we introduce the bilinear expression
I(u,v) := / (W s u)vde
RN

for appropriate measurable functions u, v on RY. It is symmetric since W is even. Then
for u,v € E:

(6.5) W(u) = i](u2,u2)

(6.6) U (u)v = I(u?, uv)

(6.7) U (u)[v, w] = 21 (uv, uw) + I(u?, vw)

(6.8) I(u?,u®) >0 if u # 0, by (A1.6)
(6.9) I(u,v) >0 if u,v >0, since W > 0

Combining Lemmata 6.1, 6.2 and 6.3 it is not difficult to prove properties (F3.1)—
(F3.5), (F4.1)-(F4.4), and (F5.2) similarly as in Section 6.4. To prove the BL-splitting
property for ¥” one can apply Lemma 5.3.

Conditions (F5.1)—(F5.4) need only be shown if ¢(T) "R~ # @, since otherwise the
results from Section 4 apply. Therefore assume that W is positive definite (see (A1.7)).
For appropriate measurable functions u,v on RY it holds that

(6.10) I(u,u) >0 since W is positive definite
(6.11) 11 (u, 0)| < \/T(u,u)\/T(v,0) by (6.10) .
For all u,v € E it follows that

U (u)[v,v] = 21 (uv, uv) + I(u*,v*) >0

from (6.9) and (6.10). Hence ¥ is convex and (F5.1) is satisfied. The proof of (F5.3)
can be found in [1, Lemma 3.6].
To see that (F5.4) holds, consider u in £\ {0} and v in E. Then

(9" (u) [, u] = W' (w)u) + 2( W (u)[u, v] — V' (w)v) + " (u)[v, v]
= 21 (u?, u?) + 41 (u®, uwv) + 21 (uv, wv) + I (u?, v?)

1
> I(u?, (u+v)?) + §I(u2, u?) + 21 (u?, uwv) + 21 (uv, uv) by (6.8)
1
> §I(u2, u?) + 21 (u?, uv) + 21 (uv, uv) by (6.9)
Lo o
> if(u ,u”) — 2\/I(u2,u2)\/1(uv,uv) + 21 (uv, uv) by (6.11)
>0 by (6.3).
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As in Section 6.4 Theorem 1.2 now follows for equation (NL) from the results in
Sections 3, 4 and 5.
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* 4,12 A 13
A 22 M 17,18
A(n) 19 no 22
Cmin 4, 26 pP* 28
) 21 P 3, 3, 13, 26, 28
E 3,3, 12 D, 29
E* 28 v 13
Nan 19 v, 29
E, 19 Oy 31
fn 20 Qv, 21
g 12 Qw, 21
r 13 R 16
L, 29 R, 16
Ga,n 19 1 19
Ga.n 20 9 19
H 23 r3 21
h 29 rdeg,,. 8
(K) 29 Y(a) 16
K 16 >~ 12
K, 16 ut 28
K(u) 32 Uq 16
K 4 Vi 20
Kce 4 Wi 20
Kd 4 Xon 18
K(c) 4 Xn 18
K 28 Yon 18
Kn 19 Y, 18
L 13, 26, 28 Zn 20

Table 1: List of extra Notation used in Sections 2-5
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