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ABSTRACT. Let I' denote a smooth simple curve in RN, N > 2, possibly with
boundary. Let Qgr be the open normal tubular neighborhood of radius 1 of
the expanded curve RI' := {Rzx | « € T' \ 9T'}. Consider the superlinear
problem —Au+ Au = f(u) on the domains Qp, as R — oo, with homogeneous
Dirichlet boundary condition. We prove the existence of multibump solutions
with bumps lined up along RI' with alternating signs. The function f is
superlinear at 0 and at oo, but it is not assumed to be odd.

If the boundary of the curve is nonempty our results give examples of con-
tractible domains in which the problem has multiple sign changing solutions.

1. INTRODUCTION

Let v € C3([0,1],RY), N > 2, be a curve without self-intersections except
possibly for 4(0) = v(1). In this case we also assume that 4(0) = 4(1). For R > 0
define

(1.1) Qp:=int | J {By(t) +v|veRY, [o] <1, 4(t)-v =0},
tel0,1]

where int(X) denotes the interior of X in RY. Thus, for R large enough, Qg is
the tubular neighborhood of radius 1 of the 1-dimensional submanifold I'z of RV
defined as

_fmm ey i) =),
{Ry(t) [t € (0,1)}, if v(0) # 7(1).
We are interested in finding solutions to the problem

{ —Au+Xu= f(u) in Qg,

(1.2) u=20 on 0€)g,

for R large enough.

Let A1 1 be the first eigenvalue of the Laplace operator —A in the unit ball in
RYN~! with Dirichlet boundary conditions. Set pg := oo if N = 1,2 and pg :=
(N+2)/(N —2)if N>3. We make the following assumptions:

(Hl) A > 7)\171.
(H2) f e CHR)NC3R\{0}).
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(H3) There are C > 0 and pq, p2 € (1,ps) such that p; < ps and
[P (W) < ClufP* ™ + [ufP2F)

for k € {0,1,2,3} and u # 0.
(H4) f(uw)u > 0 for all u # 0.
Note that
(1.3) £(0) = f'(0) = 0.
For example, the standard nonlinearity f(u) := |u[P~!u satisfies (H1)-(H4) if
p € (1,ps).

We write a point in RN as (£,7), with ¢ € R and n € RV~1, and denote the
cylinder in RN of radius 1 around the &-axis by

L:={(&mn) eRY || <1}.

Locally, LL is the limit domain of 2z as R — co. So we consider the limit problem

—Au+ u= f(u),
(1.4) { ue HY(L).

By Lemma 2.5 below, the operator —A + X with Dirichlet boundary conditions
in L?(L) has a positive spectrum. If f satisfies an Ambrosetti-Rabinowitz type
condition the mountain pass theorem, together with the translation invariance in
the &-direction and concentration compactness, yields a positive and a negative
solution to (1.4), having minimal energy in their respective cones. We add the
following assumption:

(H5) Problem (1.4) has a positive solution U™ and a negative solution U~ which
are nondegenerate, in the sense that the solution space of the linearized
problem

—Au+du=f (U,  uwe HL),
has dimension one.

Note that the solution space of the linearized problem must have at least dimen-
sion one, due to the invariance under translations. Hypothesis (H5) requires that
these are the only elements in the kernel of the linearization. This condition is not
easy to check, even for the standard nonlinearity f(u) := u?. For this f, Dancer
showed in [9] that (H5) holds true either for A = 0 and almost every p € (1, pg), or
for almost every A\ € (0,00) and every p € (1,pg).

By [4, Theorem 1.2] the solutions U* are radially symmetric in 7 and decreasing
in |n|. Moreover, by [5, Theorem 6.2], after a translation in the {-direction, we may
assume that they are also even in £ and decreasing in |£|. It follows that they have
a unique extremal point at 0. We extend U* to all of RY by setting them as 0
outside of L.

For each € T'g we choose a linear isometry A, which maps the tangent space
of T'r at z onto R x {0} and its orthogonal complement onto {0} x R¥~! and we
define

(1.5) Urp(y) =U*(A,(y —x))  forally e RV,

Since U* is radially symmetric in € and in 7, the function U;t r is independent of
the choice of A,.
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The parametrization v induces an orientation on I'p which allows to give an
order to every finite set of points in I'p. We shall say that (z1,...,2,) € (Tg)" is
an n-chain in I'g if there exist 0 <t} <ty < --- < t, < 1 such that
(1.6) x; = Ry(t;) fori=1,2,...,n.

If v(0) = (1) a circular shift (z;,...,zn,21,...,2;—1) of an n-chain will also be
called an n-chain. We shall prove the following results.

Theorem 1.1. Assume that v(0) = v(1). Suppose also that (H1)-(H5) hold. For
each k € N there exists Ry, > 0 such that for every R > Ry there are a 2k-chain

(*r1;TR2,---TR2K) € (I‘R)2]C and a solution ug of (1.2) such that
k
(1.7) ur = (Ufasn+ Uspyir) To(1)

i=1
in H'(RY) as R — co. Moreover, |xg,; — xR ;| — 00 as R — oo, if i # j.

Theorem 1.2. Assume that v(0) # ~v(1). Suppose also that (H1)-(H5) hold. For
each n € N, n > 2, there exists R, > 0 such that for every R > R,, there are an
n-chain (*p1,TR2, .-, Trn) € (Tr)" and a solution ugr of (1.2) such that

k
(1.8) Up = Z(U;MHR + U, o)+ (n=20)U  p+o(1)

i=1

in HY(RYN) as R — oo, where k is the largest integer smaller than or equal to n/2.
Moreover, as R — 00, |tr; — TR ;| = 00 if i # j, and dist(zg, O r) — oo for all
1.

All solutions constructed in Theorems 1.1 and 1.2 change sign. If v is a closed
curve these solutions have an even number of bumps with alternating signs along
the curve, whereas in the open-end case y(0) # (1) the number of alternating
bumps may be even or odd. Note that the term (n — 2k) in Theorem 1.2 is 0 if n
is even, and it is 1 if n is odd. In the first case we have a positive bump at one
end and a negative bump at the other end of the domain, and in the second case
we have positive bumps at both ends. Of course, applying Theorem 1.2 with f(u)
replaced by — f(—u) and then multiplying the obtained multibump solution by —1,
we obtain a solution with negative bumps at both ends, as well.

Observe that in the open-end case the domains Qp are contractible, and they
are even convex if I' is a segment. This means that to get multiplicity of sign
changing solutions neither topological nor particular geometrical assumptions are
needed. This stands in contrast with the case of positive solutions where it has been
conjectured that for some power-type nonlinearities only one positive solution exists
in any convex domain [7], as it does in a ball. Of course this difference between
multiplicity of positive and sign changing solutions can be easily understood by
looking at odd nonlinearities. In fact, if f is odd (for example, if f(u) = |u|P~u,
p € (1,pg)) it is well known that infinitely many sign changing solutions exist in any
bounded domain. Our results do not assume that f is odd, therefore multiplicity
of sign changing solutions is not so obvious. In fact, if f is not odd only few
multiplicity results are available, see e.g. [3, 6].

Dancer exhibited positive solutions with multiple bumps for “dumbbell shaped
domains” [7, 8]. Sign changing solutions may also be constructed in domains of
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this type. On the other hand, if T is a segment, Theorem 1.2 yields examples of
convexr domains in which problem (1.2) has at least k nodal solutions with up to
k + 1 peaks, for any given k, without assuming that f is odd. We believe this is
the first result of this type.

As in other similar problems, the procedure to prove Theorems 1.1 and 1.2 is
to consider approximate solutions to problem (1.2) and then show that near them
a true solution exists. So, to start, we need to make a good guess as to what the
approximate solutions should be. The geometry of our expanding domains suggests
looking at functions of the form

Ub w4 U.  p+UL o +U. ot

TR,1, TR,2, TR,3, TR,4,

for finitely many points zr1,ZRr2,ZR3, TR, 4, ..., ordered along the curve, whose
number is even if the curve is closed. Then some estimates are needed to show
that these are indeed good approximate solutions and to compute the order of the
approximation. To prove the existence of a true solution near them we follow a
well-known Lyapunov-Schmidt reduction procedure, which relies on the contrac-
tion mapping principle. This requires again careful estimates on the approximate
solutions and their linearization. Finally, a critical point of the reduced problem
is obtained by a minimization. Here the crucial role is played by the fact that the
interaction between a positive and a negative bump increases the value of the en-
ergy functional. This explains why the bumps should be placed along the tube with
alternating signs and why the number of bumps must be even in the closed tube
case (Theorem 1.1). In the open-end case (Theorem 1.2) the energy also increases
as a bump approaches an end of the tube. Therefore, in both cases, a solution to
the reduced problem is obtained by minimizing the energy.

It is harder to prove similar results when I' is a higher dimensional manifold,
instead of a curve. For positive solutions some results were obtained by Dancer
and Yan [10] when I' is the boundary of a convex domain. Positive multibump
solutions in a tubular neighborhood of an expanding compact manifold have been
constructed in [2]. The problem of constructing sign changing solutions in such
domains is more subtle and requires minimax arguments.

The outline of the paper is as follows: In section 2 we have collected some
tools, and results about the linear problem. Section 3 contains the essential energy
estimates, while in section 4 we describe the finite dimensional reduction and prove
our main results.

Acknowledgement 1. Filomena Pacella wishes to thank the Mathematics Insti-
tute at UNAM and Nils Ackermann and Ménica Clapp wish to thank the Math-
ematics Department of the Universita “La Sapienza” di Roma for their kind and
warm hospitality.

2. PRELIMINARIES

2.1. Algebraic and geometric tools. We start with some elementary lemmas
which will be used later to estimate the interactions.

Lemma 2.1. Suppose that pui, > i > 0 for k = 1,2,3. Then there is C > 0 such
that the inequalities

(2.1) / e mlr—eilgmnzla—aal gy < Comile1—es
RN
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and
3
(2.2) / e~ rlzmalgmnale—azlo—nsle—zal 47 < Cexp( —f min Z|x —
RN weRN I

hold true for all x1, 29,23 € RN .

Proof. Since il — 23| + (12 — W) — 22l < il — 21| + 2 —2al)+ (12 — D)l — 2] <
p1lx — 1| 4+ po|z — 22|, we have that

/ ot lz—a1] g—pale—za| gy </ o iiler—wa] o= (p2 =)z —a] gy _ (i filer—a]
RN IRy ,
as claimed. The proof of the other inequality is similar. O

Lemma 2.2. There exists a € (1/2,1] with the following property: for any given

51 > 1 and n € N there is a constant Co = Cy(a,n,C1) > 0 such that the inequal-
ities

(2.3) ‘f(f: u) - ﬁ:l Flud)| < G2 Jugu |,

i=1 = i<j
(2.4)
‘F(Z u7,> — F(ul) — Z f(u,)uj S 52 (Z|uiuj2a + Z |U¢Ujuk|2/3>,
i=1 i=1 i£j i<j i<j<k
hold true for all uy,usg,...,u, € R with |u;| < C.

Proof. Observe that (H3) implies that there is a constant C' > 0 such that
(2.5) ‘f(k)(u)‘ <CluP*  if Jul <Oy, u 0.

Set o := min{(p; + 1)/4,1} € (1/2,1]. It is tedious but elementary to prove that
the inequalities

(2.6) [flu+v) = f(u) = f(v)] < Cluv]
and
(2.7) [F(u+v) — F(u) — F(v) — fu)v— f()u] < C Juo

hold true for some constant C' > 0, if |u|, [v| < C;. These are inequalities (2.3) and
(2.4) for n = 2. For n > 2 inequalities (2.3) and (2.4) follow easily by induction on
n. O

The right-hand side of inequality (2.4) indicates that we will need to consider
triple interactions. The following lemma will be useful to estimate them.

Lemma 2.3. Consider a triangle in RN with vertices x1,x2,23 € RN and side
lengths w < v < u. Denote s := mingepn Zz:1|a: — xx|. Then the following
statements are true:
(a) If one of the interior angles is larger than or equal to 2w /3, then s = v+w.
(b) In any case, s > (w+v +u)/2.
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Proof. The following facts from triangle geometry may be found in [13]. The mini-
mum s is achieved at a unique point x¢ in RY. In case (a) that point is the vertex
of the triangle with the largest interior angle, so the claim follows immediately.

To prove (b) observe that adding up the inequalities |z; —zo|+|z;—zo| > |z;—2;],
i # j, yields

3
25:2Z|x0—xk|2w+v+u vz € RY,
k=1

as claimed. (]

Lemma 2.4. For n € N there is a constant C = C(n) such that if x1,z2 € R”
satisfy |x1 — x2] <1 and if r € [1,|x1 — 2| + 1] then

(2.8) voly, (By(z2) ~ Bi(z1)) < C (|x1 — | +7 — 1),

(2.9) sup dist(x,0B(21)) < vy — 20| +7 — 1,
z€0B, (z2)

(2.10) sup dist(z, 0B, (13)) < |vg — 22| + 7 — 1.
x€0B1 (1)

Here vol,, denotes the Lebesgue measure in R™ and B,(z) :={y e R" | ly— x| < r}.

Proof. Let wy denote the volume of the unit ball in R¥. Set d := |2, — 22|. Without
loss of generality we may suppose that 1 = 0 and 22 = (d,0,...,0). Set By :=
B1(0). Since B, (z2) ~ By C (Bi(z2) \ B1) U (By(x2) \ Bi(z2)) and r € [1,2], we
have that

vol, (Br(x2) N By) < vol,(Bi(z2) N\ By) +wn(r™ — 1)
< vol,(B1 \ Bi(z2)) + w, (2" — 1)(r — 1).
Write z = (t,y) € R" with t € R and y € R"~!. By symmetry considerations,
vol,(B1 N Bi(z2)) = vol,{z € By | |t| <d/2} <w,_1d.

Together with the previous inequality, this proves (2.8). An obvious geometric
argument proves (2.9) and (2.10). O

2.2. Analysis of linear operators and the limit problem. Next we will show
that —A + X satisfies the strong maximum principle on . and Qg for R large if
A > *)\1,1.

For r > 0 let A1, denote the smallest Dirichlet eigenvalue of —A in the open
ball BN=1:= {n € RN=1 | |n| < r} of radius r in RV~ and let ¥, ,- be the positive
eigenfunction corresponding to Ap ., normalized by || .|z = 1. The following
result is well known.

Lemma 2.5. If A\;(LL) denotes the bottom of the spectrum of —A in L?(LL) with
Dirichlet boundary conditions, then A1(L) = A1 1.

Next, we construct a positive superharmonic function for —A + X in Qg for R
large. This allows to estimate the bottom of the spectrum of —A in L?(Qgr) from
below and provides a maximum principle for —A + .

As before, we write a point in RY as (¢£,7), where ¢ € R and € RV 1.

Lemma 2.6. If A > —\; 1, there exists a superharmonic function for —A + A
in C*(L) N C(L) which is positive on L. If R is large enough then there exists a
superharmonic function for —A + X in C?(Qr) N C(Qr) which is positive on Qg.
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Proof. We fix r > 1 close enough to 1 so that Ay, +X > 0. Then W (¢, 1) := 91,,-(n)
satisfies

(—A4+ X)W =X\, +A)W >0inL and minW > 0.
L

This proves the first assertion.

To prove the second one note first that, for R > 1 large enough, the set Qg , :=
{z € RN |dist(x,T'g) < r} is a tubular neighborhood of T'r. Since ¥; - is radial, we
may write ¥4 (1) = ¥1,-(]n]) and define

W(x) := 0 (dist(z,T'r)) for z € Qg,.
Clearly, min W > 0 for R large enough. We claim that

Qr
(2.11) W e C%(Qg) N C(QR)
and
(2.12) rgin((—A +AOW) >0

for R large enough. To prove this claims we fix yg € Qg and we define locally,
around Yo, a diffeomorphism from Qg to the unit normal bundle of I'p as follows:
after a change of coordinates we may assume that 0 € I'p and that dist(yo,'r) =
lyo| - We may also assume that the tangent space to I'r at 0 is R x {0}. Then,
yo € {0} x RN=1 Let 7: (—e,e) — RY be a parametrization by arc length of
I such that 7(0) = 0 and 7/(0) = (1,0). For ¢ € (—Re, Re) and n € RV~1, set
Tr(€) = RT(%) and let hR( ,m) be the orthogonal projection of (0,7) onto the
space 7/()t ={r eRN 12 -7 (%) = 0}. Now define

o il
Pr(&n) =R () + mhlz(fvn)-

Note that ®r(0,7) = (0,n). Moreover,
(2.13) D3 (0,7) = (1 - % [(07077) 7"0)] 0 > .

In—y

Therefore, ®p is a C?-diffeomorphism between neighborhoods of {0} x B! for
R large enough. Note that, since hr(&,n) is orthogonal to T'g at Tr(§),

= n|.

dist(®r(&,n),Tr) = “I’R(&n) - %T(f)

This implies that
W(®r(&,m)) = V1..(Inl)-

So, since @y is a local C2-diffeomorphism at yg, this identity proves (2.11).
To prove (2.12) it is enough to show that

(2.14) (A +NW(0,7) >C >0

for n € B{V ~! and large R, where C is independent of yy and R. A straightforward
computation shows that

(_A + )‘)W(07 77) = (Al,r + )‘) ﬂl,r(n) + O(|D2(I)R(Ov 77)|),
independently of yg, and that that
(2.15) D2®x(0,7) = 0 as R — oo, independently of yy and 7.
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Since 91, is positive and continuous on By ! we may set

>\1,r + A .
=5 min V1,(n) >0

C:
and obtain (2.14). O

Corollary 2.7. If \{(Qr) denotes the bottom of the spectrum of —A in L*(Qr)
with Dirichlet boundary conditions, then

lim inf )\1 (QR) 2 )\171.
R—o0

Proof. A standard argument, using Lemma 2.6, proves this claim. O

The following fact will play a crucial role to obtain asymptotic estimates for the
energy functional and its gradient.

Corollary 2.8. If X > —\y 1 the operator —A + X satisfies the strong mazimum
principle in any subdomain of L and in any subdomain of Qr for R large enough.

Proof. This follows from Lemma 2.6 and [14, Theorem 1]. O

We shall also need the following decay estimates for the solutions U* to the limit
problem (1.4). They follow immediately from [5, Proposition 4.2].

Lemma 2.9. There are constants Cy,Cy > 0 such that

Cre "1y 1 (n) < [UE(&,n)| < Cae ™19y 1(n)  for all (&,m) € L

where = /A + A 1.

3. ASYMPTOTICS OF THE ENERGY AND ITS GRADIENT

We assume from now on that A > —X; 1. Let Ls := {(£,7) € RI xRN =11 || < s}.
We fix rg > 1 such that Ay ,, + A > 0 and, for R > 0, x € ' and s € [1, 1], we set

Lsy:={x+ A (2): 2 €Ls}

with A4, as in (1.5). Note that the first eigenvalue of —A in H}(Qg NL; ) satisfies
M (QrNLs ;) + A > 0 for large R, because Qg NL; , is an open bounded subset of
L,yo. We write Vis’  for the unique solution to the problem
(3.1) —Au—l—)\u:f(Uf,R) in Qp NL,,,

' u=20 on 0(QrNLgy,),

with U ;%R as in (1.5). By the maximum principle and assuption (H4), V;,“S’ R is
positive and V" p is negative for large R. We extend V;S,  to all of RY by defining
it as 0 outside of Qg NILs,. When s = 1 we omit it from the notation and write

L., Vo g instead of Ly 4, Vi1 R
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3.1. The closed tube case. In this subsection we assume that v(0) = v(1). The
following decay estimates hold true.

Lemma 3.1. For each s € [1,1g) there are positive constants cg,cy and Rg, inde-
pendent of © € Uy, such that all quantities

Uz [VUERG)|.

sz,is,R(y) ’ )Vva:jfs,R<y)

are bounded by cze=1¥=%| for all R > Ry and almost all y € RN. Moreover,
D2UER(w)|  and DV A(y)]
are bounded uniformly in L, and Qr NLs , respectively, independently of R > Ry.

Proof. Lemma 2.9, together with standard regularity estimates, yields the estimates
for UiR and its derivatives.

To prove the estimates for inys_ r We assume without loss of generality that x = 0
and that R x {0} is the tangent space to I’z at 0. Then there exists & > 0 such
that 9y,,(n) > & for all n € BY~1 where 9y, is the positive first Dirichlet
eigenfunction of —A in the ball of radius r¢ (as in the beginning of subsection 2.2).
We write y € Ly as (£,7) with ¢ € R and n € BN~!, and set

W(y) = e 1015, (n)

where v is a small positive constant, independent of R, which will be fixed next. A

straightforward computation gives

(N-1)v
iy

> ()\l,m +A— 1/2) GeeVIEL

—AW (y) + \W (y) = ( — V24 A + /\> W(y)

Since A1, + A > 0 we have that Ay ,, + A — v? > 0 if v is small enough. On the
other hand, assumption (H3) on f together with Lemma 2.9 yield that

f(U;r,R) < bye HpilEl

for some large enough b; > 0. Since V;rsy r satisfies (3.1) the maximum principle
implies that V" p < boW with by := b1&;" (A1, +A—v2)"". This gives the

exponential bound on V;‘S g+ Similarly for V. .. Regularity estimates, using the
results in [11], yield the estimates for its derivatives. O

Set
F(u) := / f(s)ds if u e R.
0
Then, by (H3),

(3.2) |F(u)] < C(lulP* + JuP2 ™) for all u € R.
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Lemma 3.2. For s € [1,19) and p € (0,00) the asymptotic estimates

(33 [ Ve g = UERr = O(R ),
(3.4 VY = VU = O(R )
(35) PV ) = FUER) = O(R ™),
(36) AV ) = FUZEP = o i),

hold true as R — oo, independently of x € T'g.

Proof. Let x be a point on I'. After translation and rotation we may assume that
2 = 0 and that R x {0} is the tangent space to I" at 0. Since T' is compact there
exist 0, p > 0, independent of x, and a C3-function h : (—p, p) — B(J;\L1 such that

L0 ((=p,p) x BY 1) ={(&h(9) [ £ € (=p, )}

and the derivatives of h up to the order 3 are bounded independently of £ € (—p, p)
and x € T. Setting hr(§) := Rh({/R) we have that

Tr=TrN((—pR,pR) x BN ') = {(&,hr(€)) | € € (—pR,pR)}.

An easy argument using Taylor’s theorem and geometric considerations shows that
there is a constant C, independent of x, such that

ce? C C 2
a1 el < S @l < Sy e <14 CLEESD

for all ¢ € (—pR+1,pR — 1) and y € RV~ with (¢,y) € Qg. It follows that
(3.8) {€} x BY (hr(€)) € [{€} x RV NQr C{€) X B L1 g2y pe (R ()
forall £ € (—pR+ 1,pR — 1) and R large enough. Consider the set

Qr = (—RY* RY*) x BN-! c L,.
We express RY as the union of the sets
(3.9) RY<Qr, QrN(Qr~L), Qrn(L~Qr), QrNLNQs.

We will show that the estimates (3.3), (3.4), (3.5), (3.6), hold true for the integrals
over each one of these sets. Note that the integrals over Qg ~ (L UQg) are zero.

Claim 1. Estimate (3.3) holds true for the integral over RN \ Qg.
By Lemma 3.1 there are positive constants 51, 52 such that

(3.10) V5 r(Em) = USp(Em)P < CreCalel+InD

for all (¢,1) € R x R¥~!, This immediately yields Claim 1.

Claim 2. Estimate (3.3) holds true for the integral over Qr N (g N L).
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By (3.10), (3.8), Lemma 2.4 and (3.7) it holds that

[ vAa-u
QrN(QrN\L)

N R1/4 B
< Cl/R1/4 e 2llvoly_y (Bﬁr_cl(lﬂg\ )/ R2 (hr(£)) ~ B{V_l(o)) dg

R1/4

<c [ e ha©)] + 00+ )/R) d
R1/4

~ R

as R — oo.

<= / e C2lEl(1 4 £2) dg = O(R™)

Claim 3. Estimate (3.3) holds true for the integral over Qr N (L N\ Qg) .
The proof is similar to that of Claim 2, using this time the first inclusion in (3.8).
Claim 4. Estimate (3.3) holds true for the integral over Qr NL N Qg.

Set Dr := Qr NL N Qg. First we prove that, for some suitable constant C'
independent of x and R,
14+¢

(311) in,s,R(§7n) - U;R(&’?) < C C4|£| R

for all (¢,m) € ODg. Let (§,n) € dDg. If (£,m) € OL, Lemma 2.4, together with
(3.8), and (3.7), yields

) 1 + 2 1 2
(312 ist((€1), 00) < ()] + O < C1EE
Similarly, if (£,7) € 0Qg then
1+é

dist((¢,n),0L) < C

Since U g vanishes on L and V7 37  vanishes on 8(2 R, the estimates in Lemma 3.1

yield inequality (3.11). Next we set W (y) := e ¥I&9; ., (n) with v € (0,C}) as in
the proof of Lemma 3.1. By (3.11) there exists C' > 0 such that

C
VE, al&m) = UZp(m)| < W (En)

for all (¢&,n) € dDg. Since V;R UiR is harmonic for —A+ X in D the maximum
principle implies that

C c _,
VE R(EM) — UER(Em)| < SW(Em) = S M0, (n)
for all (§,n) € Dg, with C independent of x and R. Therefore,

(3.13) Am

as R — oo. This proves Claim 4.

+ p_ p
VISR UxR‘ O(R )

Claim 5. Estimate (3.4) holds true for the integrals over RN \ Qr, QrN(Qr \ L)
and Qr N (L\ QR)

The same arguments as in the proofs of Claims 1, 2 and 3 yield this claim.
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Claim 6. Estimate (3.4) holds true for the integral over Qr NL N QR.

Set D := Qr NL N Qg. The functions U R and V R can be extended to C?-
functions in neighborhoods of L and Qg, respectlvely Denote by Yg the difference
of these extensions on a neighborhood of Dg. Note that Dg has Lipschitz boundary
if R is large enough. Hence we can apply the Gauss-Green theorem (see e.g. [15,
Theorem 5.8.2] and the remark following it) and obtain that

(3.14) / |VYR|2:/ YRnR(x)oVYRdHN_l(x)fA/ Y3
DR 8DR DR

Here nr(z) denotes the measure theoretic exterior normal to 0Dy at x, and Hy_1
denotes (N — 1)-dimensional Hausdorff measure. By Lemma 3.1, VYy is bounded
uniformly and independently of R. Hence (3.14) and (3.11) imply

C
/ VYR[* < ( / e I+ [€°) dHy 1 () + / e el(1 ¢ |§I2)d€dn)
Dpgr 8DR Dpgr
=O(R™).
This proves Claim 6.
Claim 7. Estimates (3.5) and (3.6) hold true.

These estimates follow easily from (3.3) since U;% g and V;,[R are bounded uni-
formly as R — oo and F and f are continuously differentiable. O

The energy functional for the Dirichlet problem —Awu 4+ Au = f(u) in a domain
Q C RY is given by

Ja(u) == %/Q(\Vu\erAzF)f/QF(u), ue HL Q).

By (H2), (H3) and (3.2) Jq is well defined and twice continuously differentiable on
H (), with D2Jq globally Hélder continuous on bounded subsets of Hg ().

Lemma 3.3. The estimates

(3.15) sup IIVfR - U;t,RIIHuRm =O(R™'/?),
z€lR

(3.16) sup |JQR(V r) — JL(UF) = O0(R™),
zelr

(3.17) sup IV Jar (Vi) i1 @n) = O(R™V?),

hold true as R — co.

Proof. Estimates (3.15) and (3.16) follow immediately from Lemma 3.2. To prove
the third one we choose s € (1,79) and a cut-off function y € C°(RN~1) with
x(n) =1if |n] <1and x(n) =0if |n| > s. Fix R and x € I'g. Assuming that = 0
and that R x {0} is the tangent space to ' at 0, we write v € H (2g) as v = v; +vy
where v1(£,m) = x(n)v(&,n). Then v; € HY(Qr NLs.), supp(v2) C Qr N L,
and there exists a constant c,, independent of R and z, such that [[v1[| g (gy) <

Cs [[v]| g1 () for all v € H}(QR). From the definition of Vzi,S,R and Lemma 3.2 we



ALTERNATING SIGN MULTIBUMP SOLUTIONS 13

obtain
’D‘]R(V:c RV = ’DJR(in,R)Ul
< |DIR(VE, vr| + | DIR(ViERvr = DIR(VE p)on
' / (FUZR) = FVE ) on| + ORT2) ot )
1/2) [0]l g2 (RN) 5
as claimed. ]

For m = 1,2 we consider functions g,,: R™ — R™ (to be fixed later) satisfying

(3.18) g2 < g1,
(3.19) gm(R) — oo as R — oo, form =1,2,
(3.20) gm(R) = o(R) as R — oo, form =1,2.

Let D,, g be the set of points (z1,22,...,2,) in (I'g)"™ such that there exist i,j €
{1,2,...,n} with i # j and |z; — z;| < gm(R), and let

(3.21) Up.r == {(z1,22,...,20) € TR)" D r | (z1,22,...,2,) is an n-chain},

see (1.6) for the definition of an n-chain. Then U r and Us g are open subsets of
(Tr)™ such that Uy g C Us g. For i,5 € {1,2,...,n} we set

dn(4,7) :=min{|i — j|,[i —j+n|,|i —j —n|}.

dn(i,7) is the distance from ¢ to the set of integers which are congruent to j mod
n.

Lemma 3.4. For R large enough and every (z1,x2,...,%,) € U1 r we have that
(3.22) s(R) := mﬁr}v (|lz — @i + |z — 25| + | — z4]) > 201(R)
e

forany i,j,¢ € {1,2,...,n}, and

S0(R) i daling) > 2

Proof. Since T" is compact there exists o > 0 with the following properties:

(3.23) ‘in - JJ]" Z

(i) f z,y € T and 0 < |z — y| < 2p then there exists a connected component
C of T'\ {z,y} such that |z — z| + |z — y| < 2 |z — y| for every z € C.

(i) If x,y, z are three different points in I', |z — y| < 2¢ and |z — y| < 2p then
one of the angles of the triangle with vertices x,y, z is larger that 27/3.

Fix R large enough so that &be) < 0.

Let ($171'2,.. ,Tn) € Uy r. If max (|z; — x| + |we — ] + |z — x4]) < 20R, the
points %, 22 2t ¢ T' satisfy the hypothesis of (ii) and, therefore, the triangle with
vertices x;, xj, xg has an angle which is larger that 27/3. It follows from Lemma 2.3
that s(R) > 2¢1(R). If, on the other hand, |z; —x;| > 2oR then |z; —z;| > 2¢:1(R),
and Lemma 2.3 implies that s(R) > 2¢;(R). This proves (3.22).

To prove (3.23) we argue by contradiction. Assume there are (z1,x2,...,2,) €
Ui r and i j e {1, 2 .,n} such that d,(i,j) > 2 and |z; — x;| < 391(R). Then
n(%,7) > 2 there is a point z; in the n-chain, which hes
between T; and Zj, such that 7% belongs to the connected component of '\ { %, R
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to which the conclusion of (i) applies. Then, 2¢1(R) < |z; — z¢| + |xe — 4] <
3|z; — x|, a contradiction. O
In the rest of this subsection we assume that n = 2k. For X = (21, x9,...,2,) €
Uz r we define pgr: Us p — H(Qr) by
k

(3.24) or(X) = ;(V;;H}R +V, R)-

For fixed X = (z1,22,...,2,) it will be convenient to write

(3.25) U, = U, g ifiisodd, V.. Ve ifiisodd,
. ' U, r ifiiseven, v V.. g ifiiseven.

Then

3

or(X) = V.
1

2

Proposition 3.5. Let o be as in Lemma 2.2 and fix o/ € (1/2,«). Then

sup |[|[VJa, (pr(X))|H0r) = O(e=*'r92(R)y 4 O(R™1/?)
XeUz r

as R — oo.
Proof. Fix X = (x1,%2,...,2,) € Uo,p. If v € Hj(Qp) satisfies [[v] g1 (q,) = 1
then, using Lemmas 3.3, 2.2, 3.2, 3.1 and 2.1 we obtain

IDina(erCOVWl = | £ Dana(er@ b+ [ (S0 -7 (£7:) )0

i=1 i=1

< S 19 on (V) e + ( /|

R

<O(R™V?) + CY e (/ V.V 2
Q

R

=O(R'?) + CYics (/ U0,
Qr
- 0(371/2) + O(efa’ugz(R))_
These estimates are independent of the choice of X. (Il
Recall that n = 2k and set
En:=k[LLUY)+JLU)].
Proposition 3.6. There exists § > 0 such that

inf oy (r(X)) > B+ B 4 ofe (M) 4 O(R-2F)
Xeol,r

as R — oo.
Proof. It X = (x1,22,...,2,) € OlU1 g there are ig,j0 € {1,2,...,n} such that

|zi, — xj,| = ¢g1(R). By Lemma 3.4, d,(ip,j0) = 1 for R large enough. Then,
assumption (H4) implies that

(3.26) F(T)T;, <0,
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On the other hand, it follows from Lemma 2.9 and property (3.20) that there exist
r,e > 0 such that |f(Us,)| > ¢ and |Uj,| > Cre 1B in B,(x;,) for R large
enough, independently of the choice of X € 0U; r. Hence

(3.27) %/RN }f(UiO)UjO| da > Be ror(R)

for some 8 > 0 and large R. Moreover, Lemmas 3.4, 2.1 and 2.9 yield
(3.28) /RN |f(U)T;] dz = o(e "By if d,, (i, 5) > 2,

as R — oc.

Since U; and V; are uniformly bounded, using Lemma 2.2, estimate (3.3), and
Lemmas 3.4 and 2.1, we obtain

(3.29)

/ ) {F@vi) - ;F(vi)} s [

i#j JQRr

<oy [ Vvt ve s | [vivv?
i<jJQr 1<j<kJQpr

—cy | [T +c . | |U0,0

i<jJQRr i<j<kJQr
= o(e7r(B)) L O(R™%/3).
Therefore, using estimates (3.16), (3.3), (3.26), (3.27) and (3.28) we conclude that
n . 1 . . o
JQR(QDR(X)) :ZJQR(VZ’)+§Z (VVi'VVjJr)\ViVj) dz
i=1 i#j J Qg
- [ |rEva-srm) a
Qr i i
1 o o
=En+35> | fU)Vde =5 | f(Vi)V;dx
2iz; Janr i#5 JQr
+o(e ")y 4 O(R™%/3)

1 .
=B, — 5% [ FO)T;de+o(e () + O(R/%)
i#j JQr

1 — = 1 =
2B,y [ )Tl de=5 5 [ |5@)T| do
RN dn(3,5)>2 QR

+ 0(e—M91(R)) + O(R—2/3)
>E, + fe Hor(F) 4 O(qugl(R)) + 0(372/3)_

This asymptotic estimate is independent of X. O

Proposition 3.7. The estimate

inf  Jo,(pr(X)) < B, +o(e 1By 1 O(R™2/3)
XEULR

holds true as R — oo.
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Proof. Fix 0 < t1 < to < --- < t, < 1 and set zg,; := Ry(t;) € I'r. By (3.20),
Xr:=(ZRr1,TR2,.-.,TRn) € Ui g for large R. As in the proof of Proposition 3.6
we obtain

Jar(Pr(XR)) = En — %Zi;ﬁj /RN FUNT;jdz + o(e 91 By 1 O(R2/3).

Choose € € (0,) and ¢ € (0, min;»; |v(t;) —v(t;)|). Then |zg; —xgr ;| > OR if
1 # 7. Lemma 2.1 and Lemma 2.9 imply that

/ FUNT;dx = O(e 1298y = g(e7ro1(R) if i # j,
RN
and our claim follows. O

3.2. The open-end tube case. We now suppose that v(0) # (1). In this case we
need also to estimate the effect of the ends of the tubular domain on Vl,ij. We start
by comparing the solutions U to the limit problem in L with their projections onto
a finite cylinder

Loy = (—a,b) x By 1, a,b>0.
Let ﬁaib be the unique solution of

—Au+ = f(U¥) inLgy,
(3.30) { u=0 on OLg p.

Again, we consider ﬁ;tb to be defined in RY.

Lemma 3.8. The inequalities

(3.31) 0<USEm SUTED), U (&n) <U,,(En) <0,
and
(3.32) UE(&,m) — TZ,(6,m)] < Cad(n) (e—ﬂ(a+\5+a|) i e—u(b+|£—b\)>

hold true for all (§,m) € L, where Cy is the same constant as in Lemma 2.9.
Moreover, there are Cs,Cg > 0 such that

(333) O5C*#min{a,b} < ||U:t _ ij;fb”Hé(]L) < CGCfumin{a,b}'
Proof. Note that U* and ﬁib are in C’Q(Lmb) NC(Layp). Set Yy = Ut _ ﬁ;lfb. We
claim that the inequalities
(3.34) Cy 01 1(n) max{e r(atletal o=pHE=thy <y
< Cyt1 1 (n) (e Hlatletal) 4 omn(b+IE=bD)

hold true for all (§,n) € L, where Cy and C5 are the constants in Lemma 2.9. This
is trivially true in L\ 1L, 3. For (€,7) € L, it follows from the maximum principle,
because the equalities

(A 4 A)dy 1 ()e#letleted — g,
(A + N)dy 1 (e #tHED — o,
(7A + A)Ya,b = Oa

hold true in L, . Inequalities (3.31) and (3.32) are now a consequence of (3.34)
and the maximum principle.
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Next we prove (3.33). A straightforward computation using (3.34) yields
(3.35) 1Yo pll oy = O(eT#mm o))

L2(L
as a,b — oco. A standard regularity argument, cf. [12, Theorem 9.12], yields
”VYa,b”Lz(]L) = 0(67IJ min{a,b})'

which, together with (3.35), this gives the inequality in the right-hand side of (3.33).
To prove the other inequality it is enough to show that

(3.36) HY‘%b”Lz(]L) > Qe #min{ab}
where C' is independent of a and b. Note that
a+l|&+al <b+|E—b| ifandonlyif &€<b—a.
It follows that
(3.37) /max{e—u(a+|£+a\)’e—u(b+\§—b|)}dg
R

—2pa _ —2p(a+b) —2ub
(e e +e )

— x|~

1 .
> max{efmza’efQub} _ 7672Mmm{a,b}’

which together with (3.34) yields (3.36). The proof is complete. O
Next we compare VfR with the function
£ 77t N
W r(y) == U|w737(0)\,|m737(1)‘(A:r(y — ), y e R,

with A, as in (1.5) and ﬁfb as in (3.30). Thus, the support of W, is contained
in a copy of the finite cylinder ILj,_ ry(0)|,j«—R(1)|, Obtained by translating 0 to z
and identifying R x {0} with the tangent space to I'p at .

Lemma 3.9. For s € [1,19) and p € (0,00) the asymptotic estimates

(3:39 [ Vg = W ay = o e
(3.39) [V = VW g = O,
(3.40) /R NPV p) = FOW ) dy = O(R™Y),
(3.41) |0V ) = FOVE) P dy = O(R™ ),

hold true as R — oo, independently of x € I'g.

Proof. Let xg € I'g. If g is far from the boundary the proof is similar to that
of Lemma 3.2, but if x is close to the boundary the proof requires some new
geometric considerations. More precisely, we consider two cases:

a) |rr — Ry(0)| > 2RY* and |zg — Ry(1)| > 2R'/*. Then the proof is the same
as that of Lemma 3.2.

b) Either |zgr — Ry(0)| < 2RY* or |zg — Ry(1)| < 2R'/*. Since both cases are
similar, we only consider the case

(3.42) br :=|zr — Ry(1)] < 2RY%.
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For each R we fix a coordinate system by identifying xr with 0 and the tangent
space to I'p at zp with R x {0}, preserving the orientation. In this coordinate
system we consider the infinite cylinder IL and the finite cylinders

Lr = Liza—Ry ()l lzr—Rr(V)]>

Qr := (=R'3, R'%) x BY~1(0),
and we write Ry(1) = ({r,nr). Note that, since % — (1) as R — oo, the end of
Qp which contains R+(0) lies outside of Qg for R large enough.

We may assume that v is defined in some interval (0,1 + ¢), € > 0, and write
Tr:={Ry(t) |t €[0,1+¢)} and Qp for its tubular neighborhood of radius 1. Then
'z N Qg is contained in the graph of a C3-function hp : (—R'/3, RY/3) — RN-!
for large R. As before, inequalities (3.7) hold for hg. Since 0 < &g < bgr and
b% — &% = n% = hr(&r)? we obtain

2
he(€r)” _ Cér _ br
|br +&r| — 2R2 — T R?
Next, we express RY as the union of the sets
D}% = RN N QR,
D12% =QrnN [(QR ULR) ~N (QR QL) s
D} = QN [(Qr N (LN L) U (e ~ Q0) ML) |
D% = QrNLrNQg,
and we show that the estimate (3.§8) holds true for the integral over each one of
these sets. Note that D% C QrN[(QrUL)~\ (2zNL)]. Thus, the arguments for D},
and D% are the same as those given to prove Claims 1-3 in Lemma 3.2. To prove
estimate (3.38) over D%, first observe that the angle ag between {bg} x RV ! and
the end of Qi which contains R+y(1) is the same as the angle between the tangent

space to I'r at g, which we have identified with R x {0}, and the tangent space
to I'r at Ry(1). Therefore, using (3.7) we obtain that

(3.43) lbr — &Rl =

(3.44)

b
(3.45) tanag = [P (€R)| < CER.
Since diam(By ') = 2 it follows that
(3.46) D3, C [€r — 2tanag, br + 2tanag] x BY !

C [bR—SR,bR—FSR} X B{V_l,

where sp > 0 satisfies

br  br br
3.47 <C|l=+—=)<C—.
(3.47) SRS (R2+R)_ R
Here we have used (3.43) and (3.45). Therefore, using Lemma 3.1 we conclude that
br+sr
(3.48) / Vi p—WiglPdy<C e PCitdg
D% = ’ bR—SR

= Ce PYR ginh(pCysR)

< Ce_pc“bR% = O(R™Y).
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for R large enough. To prove estimate (3.38) over D%, we start by estimating
\V;Sﬁ - W;R| on D% If (§,n) € 0D} N OL then, as in (3.12), we have that

dist (¢, ), o) < C 2 ;52.

Similarly, if (¢,n) € D% N QR then

dist((£, ), 0L) < O~ ;52.

Moreover, if (£,1) € 0D NONR N Qg then

. br £+ sk € br 1+¢
Similarly, if (¢,7) € 9D} NOLg NL then

~ 1 2
aist((€,m), 00 1 0) < 01

Since Vwis r=20in RN < Qp and W;R =0 in RN \ L, arguing as in the proof of

Claim 4 of Lemma 3.2, we conclude that

1+¢

(3.49) Vi = Wil < Cem@IE225 on oD,
and that
(3.50) / ViR = WoglP dy = O(R™).

D

R
This finishes the proof of (3.38).
The proof of (3.39) is analogous to that of (3.4), using the partition (3.44).
Equations (3.40) and (3.41) follow from (3.38) as in the proof of Lemma 3.2. O

Again, we consider functions g,,: R™ — R™ (to be fixed later) satisfying (3.18)-
(3.20), but this time we define D,, g as the set of points (21,2, ...,z,) in (T'r)"
such that either there exist 7,7 € {1,2,...,n} with ¢ # j and |z; — ;| < gm(R), or
there exists ¢ € {1,2,...,n} with 2dist(x;, 0T'r) < gm(R). Then we define

(3.51) Up,r == {(z1,22,...,20) € Tr)" D r | (x1,22,...,2,) is an n-chain}.

Lemma 3.10. The estimates

(3.52) mSGuIPR V;,[R - W;RHH(%(RN) = O(R™'?),
(353)  sw o (Vi) - LW = 0™,
(3.54)
w |V (Vi) = O+ O it a2

z€lr
dist(z,0T'r)>g2(R)/2

hold true as R — oo.

Proof. Estimates (3.52) and (3.53) follow immediately from Lemma 3.9. To prove
(3.54) we first observe that [tU* + (1 — t)Uib| < |U#| for every t € [0, 1] by (3.31).
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Moreover, (H3) implies that | f/(u)| < C |u|"* " for some constant C' which depends
only on an upper bound for |u|. Therefore Lemma 2.9 and inequality (3.32) imply

/L|f(Ui)f F(TE,) |2dx</(/ [ (EUE) + (1 — )T b|dt) U* — U%,[2 da

< C/ o~ 2p1—Dpg=2u(at|étal) 4 o=2u(+E-b) ge

_ 0(672 min{p1,2}p min{a,b})’
as a,b — oo. Therefore,

|t - 1)

< |1z - s W2+ 10V - 1)
< O(e_ min{p1,2},ug2(R)/2) + O(R_l/Q),

L2

as R — oo. Arguing as in the proof of (3.17), using this estimate, we obtain
(3.54). O

Define pgr: Us g — HE(Qr) b

k
(355) QDR(X) Z(V+ R+Vz;1,R)+(n 2k)V R X: (.’Eh.’fg,...,fﬂn),

L2i—1;
=1

where k is the largest integer smaller than or equal to 5. This time we do not

require that n is even.
Next we show that the statements of Propositions 3.5-3.7 are also true for these
new data. We set U; and V; as in (3.25). Similarly, we set
W, .o | Wig ifiisodd,
v W, p ifiiseven.

Proposition 3.11. Let a be as in Lemma 2.2 and fiz o € (1/2, min{«, p1/2,1}).

Then

sup ||VJQR(<‘0R(X))||H&(QR) — O(efa’#gz(R)) + O(Rfl/g)
XeUs r

as R — oo.

Proof. The proof is completely analogous to that of Proposition 3.5, using this time
Lemmas 3.10 and 3.9. O

Set
En =k [JL(UT) + J(U7)] + (n— 2k)JL(U™).
Proposition 3.12. There exists § > 0 such that

inf JQR((pR(X)) > En + ﬂefligl(R) + 0(6*#4]1(3)) + O(R72/3)
XEBULR

as R — oo.
Proof. Let X = (x1,2,...,%,) € OU1 . The proof is similar to that of Proposition

3.6 except that now we must replace U; by W,. So, in order to arrive to the
conclusion, we need the following estimates:

(3.56) J +A;i1]L(W ) > J,. e 1 (T;) + Qe 2ndist(:.00x),

Zi

(357) A0, = [ @7, + ofemr ),
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Let us prove the first one. After an appropriate change of coordinates U; becomes
U* and W; becomes U:b. Recall that J{ (U*) = 0 and observe that | f(U*(¢,7))| <
Ce~(Pr=DrlEl due to condition (H3) and Lemma 2.9. So using Lemma 3.8 we obtain

~ 1 ~ ~ ~
JL(Uz5) = (U=) + S U, — U=, 05, = UF) + o(|U = Uz I3 )
1 ~ ~
> JL(U) + S0 = US o)+ olU* = Ul w)
> J]L(Ui) + Ce—2umin{a,b}

for R large enough. This proves (3.56).
To prove the second estimate it suffices to show that

(3.58) [ V) = ST, = ofer )
(3.59) FUNW; = T;) = o™ ()
RN

as R — oo. Since the proof of both estimates is similar, we only prove (3.58). After
a change of coordinates we may assume that x; = 0 and that the tangent space to
T'r at z; is R x {0}. Then we set a := |Ry(0)| and b := |Rvy(1)| . We may assume
without loss of generality that a < b. Since {W](x)| < Ce =il by (3.31) and
Lemma 2.9, the proof of (3.58) reduces to showing that

(3.60) / [FU* (@) = FOE @) | eHe2ldz = oferon ()

as R — oo. We distinguish two cases: If |z;| > 2¢1(R), using condition (H3),
Lemma 2.1 and (3.19) we obtain

[t - 1@ ersar <o [envienisia;
L ’ L
< Cle— =il < Ce2091(R) — o(eiugl(m)

as R — oo. On the other hand, if |z;| < 2¢;(R) we write x; = (§;,7;) and use the
Lipschitz continuity of f on bounded sets and (3.32) to obtain

[ e - @ten]eestas
<C —p(at|€+al) —n(b+E=bD) g—HlE—&51g
< /R (e +e )e ¢

<cC (efu(a+|£j+a|) 4 ewdsfbn)

_ Ce—u(a+|€j+a|) + O(e—ﬂgl(R))

The last equality follows from |z;| < 2¢1(R), b := |Ry(1)| and (3.20). Now, if j > ¢
we have that a > 3g1(R)(1+0(1)), and if j < i we have that {;+a > 3 g1(R)(140(1))
as R — o0o. So in both cases e~ #(@tl&i+al) = o(e=r91())  This proves (3.60) and,
hence, (3.58).

Now we may argue as in Proposition 3.6. The analogue of (3.29) with U; replaced
by W, is obtained in a similar way. Therefore, using estimates (3.56), (3.57) and
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(3.23) we conclude that

JQR<90R<X>>:§JQR<V¢>+;§ NEICALEETES ) A (LI T
1= 17] R 17 R

+ O(e—um(R)) + O(R_2/3)
n . 1 R PR —
i=1 ‘ i#j JQr i#j JQr
+ o(e H91(B)y L O(R™%/3)
n ‘st (o 1 — =
zEn + Cze—Qudlst(-LmaFR) + — Z / ‘f(UZ)U]‘ de'
=1 li—jl=1/Qr

+ o(e M1 (B)y L O(R™%/3).

Since X € Ol g, either dist(x1,0r) = ¢1(R)/2 or dist(z,,0T'r) = g1(R)/2 or
|ziv1 — x;] = g1(R) for some i =1,...,n — 1. In any case, our claim follows. O

Proposition 3.13. The estimate
inf Jo,(pr(X)) < E, +o(e™"* ) + O(R™?/%)
XeUi,r

holds true as R — oo.

Proof. The proof is similar to that of Proposition 3.7, this time taking into account
that dist(z;,0T'gr) > CR for some C' > 0 and every R and i. O

4. PROOF OF THE MAIN RESULTS

4.1. The Finite Dimensional Reduction. Let Us g and g : Us g — Hi(QR)
be as in (3.21) and (3.24) when T is a closed curve and as in (3.51) and (3.55) if

7(0) # ~v(1). Set
Yr = prUszr).

Lemma 4.1. Yy is a finite dimensional C?-submanifold of H}(Qr).

Proof. Tt is easy to see that the map ¢g is a C?-immersion. If OT # @) or n < 2
then ¢ is injective, and hence X is a submanifold of H(2g). On the other hand,
if O = 0 and n > 4 then g is not injective: two points in Us p have the same
image under ¢p if and only if one of them is obtained from the other after a finite
number of shifts of the form x; — x;;2. Since the group of permutations acts freely
on Us g, X g is a submanifold of Hj(Q2r) also in this case. |

We shall reduce the problem of finding a critical point of Jq, to that of finding
a critical point of a function Gg : ¥ g — R, which will be defined below.

For u € ¥x we denote by T,X g the tangent space to X g at u, by T-3p its
orthogonal complement in H}(Qr) and by Pj: g HY(QR) — Ttk the orthogonal
projection. We consider D?Jg, (u) as the derivative of the gradient vector field
Via, : HY(Qr) — H}(QR) at u, and define

Lur = PypD?Jo, (u)lris, : Ta Sk — Ty Sh.

We write £(T-Xr) for the space of bounded linear operators from T X into itself.
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Lemma 4.2. If R is large enough and u € X g, then L, g is invertible in E(TjER)
and

limsup sup
R—oco u€EXp

Lt H < 00.
u.R L(TLSR)

Proof. The proof of this fact is standard, see for example Lemma 3.8(v) in [1]. O
Lemma 4.3. There exist 1o > 0 and R1 > 1 such that for R > Ry and for every

u € Xg there is a unique v, € u + T-X g which satisfies ||u — vu||H&(QR) < rg and
P;:RVJQR (vy) = 0. The estimates

(4.1) [u—vullgir) = OUVIas (Wi (@n))
and
(4.2) | Jag (u) = Jag (vu)| = O(||VJQR(U)||§{5(QR))

hold true as R — oo, independently of u € Xg. Moreover, the operator
P pD?Jo, (vl)lres, : TaSr = To Sk
is invertible in L(T-%R).
Proof. Along this proof B, Z will denote the open ball of radius r centered at 0 in

a normed space Z, and B, Z will denote its closure.
By Lemma 4.2 we may fix M > 1 satisfying

. —1
(4.3) M > limsup sup Lu,RH

R—oo u€eEXp

L(T+SR)

Clearly,

Cp := limsup sup ||u||H3(QR) < o0
R—oco u€EXp

Condition (H3) yields

(4.4) 1131 1sup Ierllo2.a (Bacy my@ny) < 2
for some @ € (0, 1].
By Lemma 4.2 and (4.4) there is rg > 0 such that for R large enough

1
2 2
(4.5) |[D? e, (u) = D*Jag ()| £ 11 ) = i
and PJ:RDzJQR(U)‘T“LER is invertible in L(TXg), for every u € ¥ and v €
H}(QR) with [|u — ”HH&(QR) < ry. Moreover, for R large enough,

To
(46) s V0, )y < 537

because of Propositions 3.5 and 3.11. Fix u € ¥y and define g: T-Xr — T} YR
by
glw) :==w — L;EPJ)RVJQR(u + w).

If w € B,,T} YR it follows from (4.5) and (4.6) that
lg(w)[| < M [|[D*Jo (w)w — Vo, (u+w)]|

(@7) M H—VJQR(u) - /Ol(DQJQR(u +tw) — D2, (u))w dtH

< V + — ] <
_M( JQR(U)H oM < To
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Hence, g maps B,,T;-Yr into itself. Moreover, by (4.3) and (4.5) we have

To u
lg'(w)l < |

Therefore, g is a contraction on ETOTj—E r and by Banach’s fixed point theorem g
has a unique fixed point w, € B,,T-Xg. Thus, v, := u+ w, is then the only zero
of Py xViJa, inu+ B, T; Y.

1
L D2 (0 = D2 -t )| < 5.

To u
Inequality (4.7) with w := w,, = g(w,) yields ||w,| < 2M ||VJq, (u)| and hence
(4.1). Moreover, since D.Jq, (v,)[w,] =0,

(4.8) [Jap (1) = Jag (vu))

< |DJay (vy)[w.]] +/0 (1—1) |D2JQR(u + (1 —t)wy) [wu,wu” dt

2
< Clwall
for some constant C' independent of R and u. Now (4.1) and (4.8) imply (4.2).
Finally, if R is large enough, (4.1) implies the strict inequality [|u—vu |l m1(2z) < 7o,
as stated in the lemma.
We now fix rg and R; as in Lemma 4.3. If R > Ry we define Gg: ¥ — R by
Gr(u) := Jag (vy).
where v, is given by Lemma 4.3.
Proposition 4.4. For R > Ry the map G is in C*(Sg,R). Ifu € X is a critical
point of Gr then v, is a critical point of Jay.
Proof. The map u — v, is a cross section of the normal disc bundle of radius 7o
over X, so its image X g := {v, : u € X} is a submanifold which is transversal
to the fibres, that is, H}(Q) = T,,,Xr ® T-Xg. The map ¢g : g — g given
by ¥r(u) := v, is a Cl-diffeomorphism. Therefore G is of class C' and, since
DGg(u) = DJq, (v,) o Diyr(u), we have that DJqg, (v,)w = 0 for every w € T;,, ¥R

if u is a critical point of Gr. But v, was chosen so that DJg,, (v,)z = 0 for every
z € TjER. Hence, v,, is a critical point of Jq, if u is a critical point of Gg. O

4.2. The proof of Theorems 1.1 and 1.2. From Propositions 3.5, 3.6 and 3.7 if
~(0) = (1), or from Propositions 3.11, 3.12 and 3.13 if v(0) # (1), and estimate
(4.2), we obtain

; > —ng1(R) —ng1(R)
XEI%%E,R GR(@R(X)) >E, + e +0(e )

+ O(R™%/3) 4 O(e™ 2 noa(1))
min Gr(er(X)) <E, + o(e_“gl(R)) + O(R—2/3) + 0(8—204/#92(1?/)).

Xelh.n
We set
1 1 1
91(R) == u logR  and  ga(R):= (2 + %/) 91(R).
Since o > 1/2, these functions satisfy (3.18), (3.19), and (3.20). Note that

R™2/3 = g(e 191 (1) and e 20'no2(R) — p(e—nar(R)),

Therefore,
min GR(SOR(Z/{LR)) < min GR(SOR(aul,R))
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if R is large enough. It follows that Gg has a local minimum wg := pr(Xg) in
wr(Ui r) C ¥gr. Hence, by Lemma 4.4, up := v, is a critical point of Jq,,.
Moreover, by (4.1), we have that ugr = ¢r(Xg) + o(1) in H}(Qr) as R — oo.
This, together with estimates (3.15), (3.52) and (3.33), yields (1.7) and (1.8).
Finally, (3.19) implies that |zr; —x g j| — oo if i # j and that dist(zg,, O r) —
oo for all 7, as R — oo. The proofs of Theorems 1.1 and 1.2 are complete. ([l
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