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Abstract

We consider the dynamics of the semiflow associated with a class of semilin-
ear parabolic problems on a smooth bounded domain, posed with homogeneous
Dirichlet boundary conditions. The distinguishing feature of this class is the in-
definite superlinear (but subcritical) growth of the nonlinearity at infinity. We
present new a priori bounds for global semiorbits that enable us to give dynam-
ical proofs of known and new existence results for equilibria. In addition, we can
prove the existence of connecting orbits in many cases.

One advantage of our approach is that the parabolic semiflow is naturally order
preserving, in contrast to pseudo-gradient flows considered when using variational
methods. Therefore we can obtain much information on nodal properties of equi-
libria that was not known before.

1. Introduction

We consider the parabolic problem

ur — Au = A+ a(x)g(u) + h(x,u), reQ t>0,
(Py) u =0, x €00, t>0,
u(z,0) = up(x), x €€,
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for u = u(x,t) and a smooth bounded domain  C RY. Here A € R, a € L*°(Q)) may
change sign, g € C*(R,R) is superlinear and subcritical, and h: Q x R — R has at most
linear growth in u € R as |u| — co. We require g(0) = 0 and A(.,0) =0 so that u =0
is a (trivial) solution.

In recent years a number of papers appeared concerning the existence of stationary
solutions of (Py), i. e. solutions of the elliptic problem

E
(E)) u =0, z €09,

{ —Au = M+ a(x)g(u) + h(z,u), x € Q,
where u = u(x). Most papers deal with the existence of positive solutions of (F)) using
either fixed point arguments based on a priori estimates as e. g. Berestycki, Cappuzzo-
Dolcetta and Nirenberg [13], Chen and Li [19], or variational methods as Alama and
Tarantello [3], Berestycki, Cappuzzo-Dolcetta and Nirenberg [14]. Let 0 < Ay < A <
A3 < ... denote all distinct Dirichlet eigenvalues of —A on {2 and

AT :=sup{) : (F)) possesses a positive solution},

A7 :=sup{X\ : (E)) possesses a negative solution}.

If A < \; then under various hypotheses on a, ¢ and h the mountain pass theorem
yields a positive and a negative solution of (E)), hence AT, A\~ > Ay; cf. [3]. Under some
additional assumptions on a, Alama and Tarantello [3] proved that AT, A\~ > \; and
that (E)) has at least two positive and two negative solutions if Ay < A < min{A", A\~ }.
In the case A < A\; Alama and Del Pino [2] obtained a third nontrivial solution, and in
the case \; < A < min{A, AT, A7} a fifth nontrivial solution. They do not have any
nodal information on these “possibly changing-sign” solutions and they have to assume
that a has a “thick” zero set, i. e.

(1.1) {reQ:alx)>0}N{reQ:alzx) <0} =0.

This case has also been considered in the recent paper [18] of Chang and Jiang. They
obtained a nontrivial solution provided A does not belong to the Dirichlet spectrum of
—A in €, nor to the Dirichlet spectrum of —A in the interior of a=1(0). If in addition the
set of all positive and negative solutions is bounded then they showed that this solution
does change sign. We refer the reader to [5,21] for sufficient conditions concerning
this boundedness assumption. On the other hand, if a € C?*(Q), Va(z) # 0 whenever
a(x) = 0, and some additional hypotheses are satisfied then the existence of a nontrivial
solution was proved by Ramos, Terracini and Troestler in [42], but no information on
the nodal properties of the solution was provided.

There do not seem to be many papers investigating the long time dynamics associated
to (P,) with an indefinite superlinear nonlinearity. In particular, nothing seems to be
known about the dynamics of (Py) when the initial value changes sign. In this paper we
provide results on (Py) that in addition yield new information about equilibria, especially
about equilibria which change sign. These equilibria will be called nodal as opposed to
signed equilibria which do not change sign. We obtain three types of results:



(1) We show the existence of nodal solutions of (£)) without assuming (1.1) or any
a priori bound for signed solutions of (E)).

(2) We obtain new multiplicity theorems for nodal solutions of (E)). For instance,
we prove the existence of two or three nodal solutions if Ay < A < max{\", A"}
or g < A < min{\", A7}, respectively (and we also show that A\* can be
arbitrarily large depending on a, g, h).

(3) We prove the existence of connecting orbits between nodal equilibria of (Py)
and the trivial equilibrium u = 0.

Observe that nodal equilibria of (Py) and zero are not ordered, therefore the result of
Matano [34] on the existence of connecting orbits does not apply.

There are three main difficulties dealing with (Py) and (E)) when the nonlinearity is
indefinite superlinear. First, compactness conditions are nontrivial, like the Palais-Smale
condition for the energy functional ® € C'(H}(Q)) associated to (E)). This problem
is even more difficult for (Py) where one needs a priori bounds for global orbits with
bounded energy, not just for Palais-Smale sequences. A second difficulty is that the
linking arguments in the indefinite setting are more complicated. This can be seen in
the paper [42] by Ramos, Terracini and Troestler, for instance. A third major difficulty
appears when one wants to prove that a certain solution of (F)) changes sign. In order
to illustrate this problem consider the Dirichlet problem

(1.2) —Au = f(x,u), x € €,
u =0, x € 0S).
Suppose that f satisfies the one-sided Lipschitz condition

(1.3) A Rl 1G5

uFv, r€Q u—"7v

> —k for some k > 0.

Then the operator
ur— K(u) = (—A+ k)7 (f(-,u) + ku)

is (strongly) order preserving. The gradient vector field V& associated to the functional
® € C'Y(F) with respect to a suitably chosen scalar product on E := H}(€) has the
form V& = Id — K. It follows that one can construct a pseudo gradient flow which
leaves the cones PT :={u € F:u >0 a.e.} and P~ := —P7" positively invariant. This
is essential when one wants to find critical points of ® outside of Pt U P~ as one can
see in the recent papers [8,10,11,20,29] on nodal solutions for (1.2) when (1.3) holds.
This approach does not work for indefinite nonlinearities because (1.3) necessarily fails.
In [29] Li and Wang suggest a modification of the gradient flow in order to solve this
problem. However their idea does not seem to work either: it is based on the claim
that the inverse of some operator Ay (see p. 390 in [29]) is order-preserving but this
is not true. A different method has been applied by Chang and Jiang in [18]. They
also use variational arguments (Morse theory, critical groups) but they do not need the



positive invariance of the cones P*. However, for their approach it is essential that (1.1)
is satisfied and the set of signed solutions is bounded.

In [1,41] (see also the references therein) the authors showed that the parabolic
semiflow can be used to find nodal equilibria for definite superlinear problems. A reader
who is only interested in solutions of (F)) may think of the parabolic semiflow as a
substitute of the negative gradient flow which has better order preserving properties.
However, the parabolic semiflow is interesting in itself since it models the dynamical
behavior in many applications coming from natural sciences and engineering. Thus it
is well worthwhile to understand the long-time behavior of solutions of (Py). Due to
g being superlinear the parabolic semiflow generated by (P,) is nondissipative and a
global attractor does not exist. Quite to the contrary, solutions may (and do) blow up
in finite time, a phenomenon which has been widely investigated in recent years. This
makes a priori estimates for global solutions difficult to obtain already in the definite
case. When the nonlinearity is definite a prior:i estimates have been obtained by Ni,
Sacks and Tavantzis [36], Cazenave and Lions [16], Giga [23] and Quittner [39,40], but
no estimates seem to be available in the indefinite case.

We shall provide the first a priori estimates for global solutions of (Py) with indefinite
nonlinearity. These estimates are of independent interest since such bounds are known
to have applications to blow-up [24,40], to the existence of periodic solutions [41], and
to control problems [6]. Unfortunately we need to impose a technical restriction on the
growth of g. In order to give an idea of our results assume for simplicity that g(u) =
|uP~'u + g1 (u) where g € C'(R,R) has bounded derivative and g;(0) = g{(0) = 0, and
suppose that h = 0. Suppose also that a € C'(Q) changes sign and has 0 as a regular

value. Define

N +2 . 3N +38

bs = —(N 2, an PcL = —(3N D),

where o denotes max{«,0} if « € R, and «/0 := oo if @ > 0. Clearly pg is the
critical Sobolev exponent for the embedding H{(2) — LP(Q), and pcy, is the constant
introduced by Cazenave and Lions in [16]. We define a new constant pj € [pcr, ps] (see
(3.3) below) and prove a priori estimates for global solutions of (P,) provided p < pj.
We do not know how to avoid this restriction. On the other hand, pj is close to pg for
N large in the sense that ps — pt = O(1/N3) as N — oo. In addition, our results remain
true for all p € (1,ps) in the radial setting.

We now state some typical results for the model problem

uy — Au = A+ a(x)(JulP v+ g1 (u)), r e t>0,
(1.4) u=0, x e, t >0,
u(z,0) = up(x), x € €.

First we consider a priori bounds for global solutions with bounded energy.
Theorem A. Suppose that 1 < p < pj.

(a) For all Cy,n > 0 there exists C' > 0 with the following property: If u is any global
solution of (1.4) satisfying |®(u(t))| < Co for allt > 0 then ||u(t)||m @) < C
for allt >n.



(b) Let u be a solution of (1.4) which blows up in a finite time T in the H'-norm.
Then ®(u(t)) — —oc0 ast — T—.

Based on these and related a priori bounds we obtain results on equilibria and
connecting orbits of (1.4). Typical results are:

Theorem B. Suppose that 1 < p < pj.

(a) If X # X\, for every k > 2 then there exists a nodal equilibrium u and a connecting
orbit between u and 0.

(b) If Ay < A < min{\", A"} then there exist at least seven nontrivial equilibria:
two positive, two negative, three nodal.

(c¢) If g1 is odd then there exists a sequence of nodal equilibria with unbounded energy.
All these equilibria have a connecting orbit to 0.

(d) If Ao < A < min{ AT, A"} and if g1 is odd then there exist at least 2(p(0) — 1)
nodal equilibria with the following property: if u is any of these equilibria then
there exists a connecting orbit from 0 to u. Here 11(0) denotes the Morse index

of 0.

In the case A = )\, we can also prove the existence of a nodal equilibrium of (P,)
but we need to assume additional hypotheses if A > A" (which we believe to be purely
technical). In case (b) of Theorem B we also have results on connecting orbits between
(some of) the equilibria. Concerning (c) note that the existence of infinitely many pairs
of equilibria is already proved in [3] for odd nonlinearities. The essential new information
here is the existence of connecting orbits.

We would like to emphasize that we consider much more general situations than the
one described above: the function g; may be superlinear, a need not be continuous and
the zero set may be thick as in (1.1) or it may have measure 0. The precise statement
of most of our results can be found in the following section (see Theorems 2.1, 2.3, 2.6
and Remarks 2.7, 2.8, 2.9 and 2.10.)

Acknowledgement. Petr Kaplicky and Pavol Quittner would like to thank the Institute
of Mathematics at the University of Giessen for the hospitality received during the stay
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2. Statement of Results

Throughout the paper we fix N in N, a smooth and bounded domain  C R¥, and
denote -
E = H(Q) and X =C'(Q)nE.

We also denote by L the operator —A in E, by o(L) its spectrum, by 0 < A\; < Ag < ...
its distinct eigenvalues.



Let Fs denote the set of all Carathéodory functions f: Q@ xR — R such that f(-,0) €
L>(Q) and
[f (2, u) = f(2,0)] < Clu—v|(1+ [ul ™" + o),
where C' > 0 and r € [1, ps) may depend on f. We shall also write g € Fsif g: R — R
and the function g(x,u) := g(u) belongs to Fs.
Now consider functions a, g and h as in (Py). We define

and
Ot ={reQ:alx) >0},

QY= {r € Q:alx) =0},
Q" ={reQ:a(z) <0}
If int Q°, the interior of Q°, is a Lipschitz domain then we denote by Ly the operator
—A in H}(int Q°) and by o (L) its spectrum.
In Section 3 we define constants pf = pi(N), i = 1,2, such that (N +3)/(N —1) <
s < pt < ps and p} > pcL, see (3.3) and (3.51).
We consider the following assumptions:

(A1) a € L>®(Q), the sets QT, Q™ are open and QT # @. In addition, g,h € Fs,
g € C'(R,R), the derivative h,(z,u) exists for all (z,u) and h,(z,-) is continuous
for a.e. x.

(A2) There is C' > 0 such that |h(z,u)] < C(1 + |u|) for all (z,u) € 2 x R.

(A3) There are p € (1,p}) and C > 0 such that |g(u) — |u|P~'u| < C(1 + |u]) for all
u € R.

(A4) If A > Ay then one of the following holds:

(A4.1) meas Q° = 0
or

int Q0 is a Lipschitz domain, meas(Q° \ int Q") = 0, A ¢ o(Lg) and
(A4.2)

limyy| o0 A, u)/u = 0 for every x € int Q°.

(A5) ¢(0) = ¢'(0) =0, and h(z,u) = o(|u|) as u — 0, uniformly in x. In addition, the
derivatives ¢’ and h,(x,-) are Holder continuous at v = 0, uniformly in x.

(A6) a € C1(2) and 0 is a regular value of a.
(A7) a(z)G(u) + H(z,u) > 0 for small |ul.



(A8) a € C%(), 0 is a regular value of @ and a # 0 on 9. In addition, there are
p € (1,p3) and C' > 0 such that

glw)  _
|u]—o0 |u|p_1u

Let us assume (A1) for the rest of this section. This implies that (Py) generates a
compact continuous (local) semiflow on E. If for two equilibria u;,us € E there exists
a global orbit through u € E such that u; € a(u) and uy € w(u), then we say that u,
connects to uy and write u; = uy. Here a(u) and w(u) denote the a- and w-limit sets of
u, respectively.

Define the usual energy functional ®: £ — R by

1

O(u) = 5/9 (IVul> = M) dz — /Q(a(x)G(u) + H(z,u)) dz .

Then ® € C?*(E,R) and the dynamical system defined by (Py) possesses ® as a strict
Lyapunov function, i. e.

for a non-stationary solution u: [0,7) — E of (Py). The solutions of (E)) coincide with
the critical points of ®. If (A5) is true then 0 is a critical point of ®. As usual, for ¢ € R
denote the corresponding sublevel set of ® by

O ={ue E:P(u)<c}.

Denote by AT (A7) the set of A € R such that (F)) admits a positive (negative)
solution. Recall that A\* = sup A*. Assuming (A1)-(A5) (or (A8) instead of (A3) and
(A4)) we will show that \; < A* < oo, but also that A* and A\~ may be arbitrarily
large (see Theorem 2.3(a), Lemma 4.3, Proposition 4.6). In addition, (—oo, \*) C A*
and AT € AT if AT > A; (similarly for A7, see Corollary 5.10 and cf. [5]). Replacing
g(u) by —g(—u) and h(x,u) by —h(z, —u) if necessary, we may assume without loss of
generality that AT > \~.

We can now state the first main result of the present paper:

Theorem 2.1. Assume (A1)—(A5) and At > A\~. A nodal equilibrium of p exists in the
following cases:

(a) A < Ao.

(b) Ao < A< AT

(c) M < X\, A¢ o(L) and (A6) holds.

(d) X\t <X\, X€a(L), (A7) and (A6) hold.



We can also state about connections with 0 that a nodal equilibrium u exists such that
u >0 in case (a); 0 = u in case (b) with Ay < A\; uw >0 or 0 > u in case (c); and either
O(u) <0 oru >0 in case (d).

Remark 2.2. If A = Xy < AT then Theorem 2.1 does not yield any information about
connecting orbits between the nodal equilibrium and zero. However, if we assume that
® < 0 on the eigenspace of L corresponding to the spectral set { A;, Ay } then we can
argue as in [1] to obtain a nodal equilibrium that connects to 0. A similar integral
condition has been used in [25, 32].

Our second main result concerns multiplicity of equilibria:
Theorem 2.3. Assume (A1)—(A5) and A\t > \~.

(a) If X < Ay there exist at least three nontrivial equilibria that connect to 0: one
positive, one negative, and one nodal.

(b) If Ay < X < A% there exist at least three nontrivial equilibria: two positive and
one nodal.

(c) If Ay < X\ < A~ there exist at least five nontrivial equilibria: two positive, two
negative, and one nodal.

(d) If Ao < A < AT there exist at least four nontrivial equilibria: two positive and
two nodal.

(e) If Ao <X <A™ and X\ &€ o(L) there exist at least seven nontrivial equilibria: two
positive, two negative, and three nodal.

Remark 2.4. Instead of assuming A ¢ (L) in Theorem 2.3(e) it is sufficient to assume
that the critical group C,(®,0) # 0 for some p > 2; cf. [17,35] and Section 6 below for
a definition of the critical groups.

Remark 2.5. We also have some information on the existence of connecting orbits in
the statements (b)—(e) of Theorem 2.3; see the proofs and Remark 6.8. In addition, the
proofs yield information on the Morse type of the solutions, i. e. whether a solution is a
local minimum, or of mountain pass type (cf. [26]), or of Morse index 2 type.

Theorem 2.6. Assume (A1)—(A5) and that the functions g and h(x,-) are odd.

(a) There ezists a sequence of nodal equilibria with unbounded energy ® that connect
to 0.

(b) If \a < X\ < A\~ then there are at least 2(p(0) — 1) nodal equilibria that O connects
to. Here pu(0) denotes the Morse indez of 0.

Remark 2.7. Hypotheses (A3) and (A4) in Theorems 2.1, 2.3, 2.6 can be replaced by
assumption (A8). This follows from the proofs of those theorems and from Theorem 3.13
below. Notice that (A8) allows to consider superlinear perturbations of the power func-
tion |ulP~lu.



Remark 2.8. If 2 is a ball or an annulus, the functions a and h(-, u) are radially symmetric
and if we restrict ourselves to radial solutions, then the condition p < pj in (A3) (and
p < p5 in (A8)) may be replaced by p < ps. This follows from Corollary 3.15 and its
proof. Of course, in this case we have to consider just those eigenvalues \; which possess
radial eigenfunctions.

Remark 2.9. We do not assume that O~ UQ° # &. Therefore the results stated above
are also true for definite superlinear equations, and some of them are new even in that
setting. In addition, if a is positive and bounded away from zero, then the condition
p < pi (or p < p3) may be replaced by p < ps, due to the estimates in [40].

Remark 2.10. The upper bound pj for the exponent p in (A3) is greater than the ex-
ponent pcr, whenever N > 2. If N = 2 then under some additional assumptions on a

and/or A we can prove many of our results for some p > pcp, as well: see Theorem 3.16
and Remark 3.17.

The paper is organized as follows. Section 3 is devoted to a priori estimates of
global solutions of (Py) and other auxiliary results. In Section 4 we study the existence
of signed solutions of (E)). If A > Ay and if there exist a positive supersolution u and a
negative subsolution u of (F)) then the existence of multiple nodal solutions between u
and @ is established in Section 6. Nodal solutions lying outside the order interval [u, U]
(and their connections to the zero solution) are found in Section 5. In that section we
also prove the existence of nodal equilibria in the case when no positive supersolutions
(or negative subsolutions) exist or when A < A;. Finally, in Section A we provide a
technical result that is claimed and used in [1] without proof.

The theorems stated above are consequences of many particular results that are
scattered throughout the paper. For the reader’s convenience we show now which results
have to be used in their proofs.

Proof of Theorem 2.1. Part (a) is exactly the statement of Proposition 5.6. Assertion (b)
is a consequence of Proposition 5.12 and Corollary 5.10. Parts (c) and (d) follow by
Proposition 5.7(a) and (b). Note that in this case the solution must be nodal as A >
AT O

Proof of Theorem 2.3. In case (a) Proposition 5.5 yields positive and negative equilibria
u® of (Py) such that u* = 0. Existence of a nodal equilibrium u* = 0 follows by
Proposition 5.6.

Parts (b), (c¢) and (d) follow from Corollary 5.10, Corollary 5.11 and Proposition 5.12.
In case (e) it follows as in the beginning of the proof of Corollary 5.10 that (6.2) holds.
Therefore we can apply Propositions 6.3 and 6.4, in addition to the statements made
above. Note in this respect that Cy(®,0) # 0 by [17, Theorem L4.1]if Ay < A < A\gyy. O

Proof of Theorem 2.6. The first part is a consequence of Proposition 5.13 and the second
part follows from Proposition 6.9. O]



2.1. General Notation

We set RT := (0,00) and R} := [0,00). By C°(U) we denote the real C*-functions
on an open subset U of RY with compact support in U. Denote by ¢’ := ¢q/(q — 1) the
conjugate exponent of ¢ if ¢ > 1. By || - |[s4, s > 1/¢ — 1, ¢ > 1, we denote the norm in
W=1(Q2), where W*1(Q) is the standard Sobolev-Slobodeckii space if s > 0 and it is the
dual of the Sobolev-Slobodeckii space W= (Q) if s < 0. By ||- ||, we denote the norm in
L), ¢ > 1. As usual we denote by H{(f2) the closure of C°(Q) in H'(Q) = W12(Q).

For a topological vector space Y of real functions we denote by PY the cone of
functions taking values in Rf. The interior of PY will be denoted by PyY. In our
setting we use the notation

u>v & u—vePH(Q)
u>v & u—vePH(Q) {0}
u>v s u—v e P (CHQ) N HHQ)) .

If ¢ is a continuous (local) semiflow on a metric space Y, denote by T : Y — (0, o0
the maximal existence time for ¢. The domain of ¢ is given by

D:={(t,u) eRy xY:0<t<T(u)},
and for ¢ > 0 we also set
Dy:={ueY t<T(u)}.

Note that D is open in R x Y and D; is open in Y. For every t > 0 we write the
time-t-map as ¢': D; — Y and we set o := (o)7L
For A C Y we define its positive semiorbit, its negative semiorbit, and its orbit by

0,(4) =g (Din4),

t>0

= Je ")

>0

O(A4) = 0,(AHVO_(4),

respectively. We also write O(u) := O({u}) for the orbit through u. We say A is
positive invariant if OL(A) C A and A is negative invariant if O_(A) C A. We say A
1s invariant if A is positive and negative invariant.

For a closed subset A of Y we define the set of attraction of A by

A(A) ={ueY:ACcUCY, Uopen=3t>0: 0, (¢"(u)) CU}.
For one point sets we also write A(u) instead of A({u}). Moreover, by
0A(A) == A(A) N A(A)

we denote the boundary of the set of attraction of A. Note that if A has a neighborhood
that is included in A(A) then A(A) is open as a consequence of the continuity of ¢.
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As usual we define

a(d):=Je (4 and  w):=Je (D4,

t>0 s>t t>0 s>t

the a- and w-limit sets of ACY.

3. The Parabolic Semiflow and A Priori Bounds

This section is devoted to the study of the parabolic semiflow induced by (Py), and to a
priori estimates of global orbits. To state some of the results in more generality, consider
the problem

— Au = f(x,u), ref, t>0,
(3.1) u =0, red, t>0,
u(z,0) = up(x), x € €.

Notice that the problem (3.1) is well posed in E'if f € Fgs. In addition, the corresponding
local semiflow ¢ in F is compact and ¢': F — X is continuous for every ¢t > 0. From the
parabolic comparison principle it follows that u,v € F and u > v imply ¢'(u) > ¢'(v)
if ¢ is such that ¢'(u) and ¢*(v) are defined. The solution of (3.1) at time ¢ will be also
denoted by wu(t;ug).

Define
(32) p%:9Nﬁ—Mv+mvﬁ@V?ﬂ
(3N — 4)2
and
PcL it N=1,2,
(3-3) Py = ? if N =3,
P if N > 3.

Notice that ps > p* > pcr, if N > 1 and p* > p] > per, if N = 3. We will assume that
(3.4) feFs and |f(z,u)] < Cp(1+ [uf?),

for some p € (1,p}) and Cy > 0. We will also often assume the superlinearity condition

(3.5) f(z,w)u > 0F (z,u) — A\pu® — O, 0>2 Ap,Cr eR,
where F'(x,u) fo x,s)ds, and the following condition on the initial data ug
(3.6) u is a global solution of (3.1), |P(up)| < Co,
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where .
O (u) ::—/ |Vu]2dx—/F(x,u)d:v
2 Ja Q

is the associated energy functional. In some of our assertions we will also assume that

(3.7) D(u(t)) > —Cs for every t > 0,

and

(3.8) / u?(z,t) dr < Oy for every t > 0.
Q

By ¢, C we denote generic constants which may depend on Q, N, p, Cy, Cr, 0, Ap,
Cy (and on Cg or Cpy if (3.7) or (3.8) are assumed, respectively) and which may change
from step to step but which are independent of uy. Fixed constants depending on the
parameters mentioned above will be denoted by ¢y, Cy, cg, Cs, .. ..

Lemma 3.1. Assume f € Fs, (3.6) and (3.7). Then
(3.9) [P(u(t)] < C

and

(3.10) / /ufdxdtg C.
0 Q

Proof. Bound (3.9) follows from (3.6), (3.7) and the fact that the function ¢ — ®(u(t))
is nonincreasing. Bound (3.10) follows from the estimate

/tQ / w2 dzdt < ®(u(ty)) — Blulty)),  ta >t > 0.

]

Theorem 3.2. Assume (3.4) with p € (1,p}) and (3.5). Then, given n > 0, there ezists
C = C(n) such that

(3.11) |lu)|12 <C  for every t >,
for all solutions u satisfying (3.6), (3.7) and (3.8).

Proof. Let u be a solution satisfying (3.6), (3.7) and (3.8). Multiplying the equation in
(3.1) by u, integrating over €2, using (3.5), (3.8) and ®(u(t)) < ®(uy) < C, we get

1d
—— uzda::—/|Vu]2da:+/f(x,u)uda:

Z—/|Vu|2dx+8/F(x,u)dx—/\p/u2dx—Cp|Q|
Q Q Q

(3.12)
> C/Q \Vul* dz — 6D (u(t)) — C

> c/ |Vul*dx — C,
Q

12



where ¢ := 60/2 — 1 > 0. This estimate, Cauchy’s inequality and (3.8) imply

2§C<1+/Qu§dx>,

(3.13) (/Q |Vu|2d:c)2 < C(l + ‘ /Quut dx >

hence (3.10) guarantees

t+n 2
(3.14) / (/ |Vul? d:z:) dt < 4 for every ¢t > 0.
t Q
In particular, there exists t; € [0, 7] such that

(3.15) lu(t)lliz < Ci/n.

Interpolation between (3.10) and (3.14) yields a uniform bound for u(¢) in L"(2) when-
ever 7 < 6N/(3N —4), see [16].

If N <2 then p < pcr, and we can fix r such that p < 1+ 2r/N. Since ||[u(t)|,. < C,
and (3.15) is true, the bound (3.11) follows from [38], for example.

Next assume that N > 3. Considering the solution u on the interval [¢;,00) instead
of [0,00) we may assume that

(316) HUOHLQ < CQ.

Standard regularity results imply u(t) € C(Q2) for every t+ > 0. More careful (but
straightforward) estimates based on the variation-of-constants formula guarantee the
existence of § > 0 and C3 > 0 depending only on the constant Cy in (3.16) (and
other fixed data of the problem) such that ||u(t)||12 < Cj for every t € [0,0] and
[u(®)|cr@ < Cs for every t € [6,26]. Considering the solution u on the interval [, 00)

instead of [0, 00) we may assume that uy € C*(Q) and
(3.17) [u(®)]|cr@) < Cs  for every ¢ € [0, 4].
Fix T'>  + 1 and set

D = Dralto, T) = max{L, mas [u(®) v}

For r > 1 let us also denote

D, = D(up, T) i= maax{1, masx [lu(t)] ).

We already know that D, < C for some C' independent of ug and T provided r <
6N/(3N —4). We want show by a bootstrap argument that the same is true for Dy .
More precisely, we will show

(3.18) Dy, <CDf

1,007

where C' > 0 and x < 1 are independent of uy and 7T'.
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Consider € > 0 small (to be specified later). Since p < 18/5 if N = 3 and p < ps if
N > 3, we have p < 6N/(3N — 4) for every N > 3. In our first bootstrap procedure we
will show that given r € (p,p+ 1), r > 2, there exists 7 > r such that

(3.19) Dy < CDFI2DYZ

where C' may depend on e. Moreover, the difference 7 — r can be estimated below by
a positive constant which is independent of r and €. Consequently, starting with some

€ (2,6N/(3N —4)) N (p,p+ 1), and using D, < C, after finitely many (say ki) steps
we obtain

k-1 ,
1 p+ 1\t
eM -
(3.20) Dy SCDM, Myi=3 ZO (T) .
Notice that the boundedness of the energy implies
(3.21) Dy = max{1, max [u(®)],2} < CDY;"”

Another (standard) bootstrap procedure easily guarantees

22 L < DMz
(3.22) max lu®)llcr@y < CDys,
where M, is a positive constant depending on p. Due to (3.17), estimates (3.22), (3.21)
and (3.20) guarantee (3.18) if we choose ¢ such that x := M My(p+1)/2 < 1.
Let us prove (3.19). Fixr € (p,p+ 1), r > 2. Set
r Il+v o r—=2 , r

3.23 =-—1 0 := =
(3:23) YT l—v r R

and fix n € (0,&%]. Then v < 1/(r — 1), 6 € (0,1) and using (3.13) and interpolation we
obtain (cf. [39, (24)] and [40, Remark 2.5(ii)])

lu@®)} 2 < CO+ u@u®)) < C 1+ ) lyellu )| )
(3.24) < O+ u)Ya D@l )1 1 e (D]155%)
< OD; Dy (1 + ()17 1 e ()][377).

Standard estimates based on the variation-of-constants formula in extrapolated spaces
(see [4]) guarantee the existence of w > 0 such that, given ¢ € [§,T],

O —wt —wt s)
(@)l 0 < S llollies +C / Gl s ds
<O+ sup [[f(-ul, ))||1+u)
s€(0,T)

<C(1t sup Juls)P,.) < OD?
s€(0,T)

”p(l+u )
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due to p(1 + v) = r. Now using the equation in (3.1) we obtain

[we (Ol 10 < Nu@)lla—n 1w + 1F G ul )l < CDE,

hence (3.24) implies

(3.25) [u(t)]]} o < CDF D (1 + [lug(8)]1377).
Set

2 1—v)r 2p—r
(3.26) qg=q(r): ( ) = P

T1-0 14v—vr ptl—r
Raising (3.25) to the power ¢, integrating over (¢,t+ 1) C (6,7) and using (3.10) we
obtain

t+1 41
| olitsds < DD (s [ sl ds) < CDTL D
¢ t

T

hence
t+1 1/2

(3.27) ([ lueisas)™ <epizprore
t

Interpolating between (3.27) and (3.10) (see [16] and cf. [39, (11)]) yields

sup ||u(s)|; < CDy/Z D2,
s€[t,t+1] )

provided
2N
r< —<q +1) .
qN—2)+ N
Since t € [0, T — 1] was arbitrary and (3.17) is true, we have obtained the desired bound
for D;. Now (3.26) shows that we can choose 7 > r if and only if

2N —1)r? — [(3N — 4)p+ 5N)r + 2N(3p+1) > 0.

It is easy to see that the last inequality is satisfied for every r due to p < p*. (On the
other hand, that inequality fails for some r € (6N/(3N — 4), (p — 1)N/2) if p > p*.)
Consequently, (3.19) is true and the proof is complete. O]

Remark 3.3. In the proof of Theorem 3.2 we used some ideas from [39] and [40]. In
fact, if f € C'(Q x R) then we could use a straightforward modification of the proof
in [39, pp. 201-202]. However, we need the result for less regular f and this requires some
nontrivial changes in that proof. Let us also mention that the a priori bound in [39]
(valid for every p < ps) required an estimate of the form [, [u[P*'de < C [, |Vu|* dx
which is not available in the present situation. Due to this fact we had to replace the
condition p < ps with p < pj. Notice that the exponent p* is “significantly” greater
than pcr,. In fact, ps — p* < %(ps —pcr) for N > 2 and

ps—p*=O0(N"?), ps—pc=0(N?), N — o0.
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Remark 3.4. We can choose 1 = 0 in Theorem 3.2 if we know that ||ug|l12 < C.

Remark 3.5. Replacing the assumption p < pj by p < pg in Theorem 3.2 and using the
approach from [16] one can still prove that every global solution is bounded. However,
the corresponding bound depends on uy and cannot be used in our applications.

The a priori bound (3.11) in Theorem 3.2 is based on the weaker a priori bound
(3.8). In what follows we derive sufficient conditions for (3.8).

Theorem 3.6. Assume f € Fs and (3.5) with

(3.28) Ar < >\1<§ . 1).

Then the bounds (3.8) and (3.7) are true for all solutions u satisfying (3.6).

Proof. We will use the concavity argument due to H.A. Levine [28]. Denote M(t) :=
LJo Jo,u? da dt. Using (3.28), we obtain similarly as in (3.12)

_1d
T 24t

1

u *dr > —0® (u(t)) +cl/ |Vul?(z,t) dv — C,
(3.29) “
> —0D(ug) + 1\ / u?(z,t) de — Oy

Q
for some ¢, C7 > 0. Assume that
(3.30) 0P (u(ty)) < —Cy —1 or i\ / u?(z,to) de > Oy + 0P (up) + 1
Q

for some to > 0. Then (3.29) implies 4 [ w?(x,t)dz > 1 for every t > t, hence

1
(3.31) tlim M'(t) = tlim — | W*(x,t)dr = +oo.
— 00 — 00 [¢)
In particular, there exists t; > ¢y such that

cl/ IVul?(z,t) de > Oy + 0P (ug) for t > t;.
Q

Consequently, for t > ¢; we obtain

¢
M" > =09 (u(t)) + 6P(uo) > 9/ /uf dx dt,
0 Ja

ey /udm ([ [szaea)= ([ [ iy
_g( — M'(0))” > (14 a)M'(t)?

for some o > 0 and ¢t large enough due to (3.31). Thus the function ¢ — M~%(t) is
concave, positive and decreasing for ¢ large, which is a contradiction. Hence (3.30) is
false and the conclusion follows. m
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We now turn to the verification of (3.8) in a specialized setting. Therefore assume
that

(3.32) flz,u) = M+ a(x)g(u) + h(x,u) .

If g(u) = |u/P"'u, h = 0 and a changes sign, then the assumption (3.28) in Theorem 3.6
requires A < \;. The following theorem guarantees that we may allow A arbitrarily large
provided we assume (A4).

Theorem 3.7. Assume (3.32) and (Al)—(A4). Then (3.8) is true whenever (3.6) and
(3.7) are satisfied.

Proof. Assume on the contrary that there exist ug; € E and ¢, > 0 such that |®(ugy)| <
Co and ug(t) := u(t; uoy) satisty

irtlfCID(uk(t)) > —Cp and ||ug(ty)|2 — oo.

The boundedness of ® implies (3.10) with u replaced by ug, kK = 1,2,.... Using that
estimate and Cauchy’s inequality we obtain

T2
/ui(x,w)dx—/ui(az,ﬁ)daz:2/ /ukat(uk) dx dt
0 Q n Jo

2—C<1+/T:2/Quidxdt>,

for every 71 < 75. Now by Gronwall’s inequality there exists n > 0 such that

min / up(z,7)dr — oo as k — oo.
TE[tk,te+n] J

Next (3.10) implies the existence of s;, € [tg, t. + 1] such that

(3.33) /ﬂ(@tuk)Q(x, sk)de < C.

Set Ly := ||uk(sk)||2. Then Ly — oo and

(3.34) %/Quz(x, sp)dx < 2(/Q ui(z, sp) d:):> 1/2 </Q(8tuk)2(x,sk) d3;> 1/2 < CLy.

Since (A1), (A2), and (A3) imply (3.5) with € := p + 1 and suitable Ap,Cr > 0, we
obtain similarly as in the proof of Theorem 3.2

1
d uzd:pz—/|Vuk|2dm+(p+1)/
Q

sdt . QF(x,uk)dx—)\F/uidx—Cﬂm

(3.35) @

—1
=P [V de = (o4 )0 (u(®) < Ar [ atdo - Cri,
Q

Q
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Now (3.34) and the boundedness of ¢ guarantee
(3.36) / \Vug*(z, s) do < CL;
0

if k is large enough.
In what follows we write shortly wu instead of (-, si). Denote

Ny = (/ \Vuk|2dx)1/2
0

and recall from (3.36) that
Set

dist(z, 0QT), x e,
(3.38) a(z) = ¢ —dist(z,007), ze€Q,
0 x e Q.

Then « is Lipschitz continuous and aa > 0 outside Q°. Multiplying the equation
Oyup, = Aug + Ay + ag(ug) + h(x, ug), x € €,

by auy, integrating over €2 and using (3.33), (A1), (A2), and (A3) we obtain
(3.39) / aalupPttdr = O(NE)  as k — oo,
Q

We may assume that uy, /N converges weakly in E, hence strongly in LPT1(Q). If (A4.1)
is true then the corresponding limit w is zero due to (3.39). In particular, ug /Ny — 0 in
L*(Q2) which contradicts (3.37). If (A4.2) is true then w = 0 on Q2 \ Q° due to (3.39),
hence w € Hj (int 2°) due to (A4.2). Since uy, solve the equation

Opug = Auyg + Ay + h(x, ug), z € int Q°,
and (A4.2), (3.33) are true, w is a (weak) solution of the equation
0=Aw + \w, x € int Q°.

Since A ¢ o(Ly), we have w = 0 which contradicts (3.37) as before. This concludes the
proof. O

In the following theorem we derive conditions guaranteeing blow-up of energy for
every non-global solution of (3.1) (cf. also the corresponding result in [31]). These
conditions will be similar as those appearing in Theorems 3.2 and 3.6 but the condition
(3.28) in Theorem 3.6 will become superfluous. In particular, the resulting conditions
are also weaker than those in Theorems 3.2 and 3.7.
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Theorem 3.8. Assume (3.4) with p € (1,p}) and (3.5). Let u be a solution of (3.1)
which blows up in a finite time T in the H*(2)-norm. Then ®(u(t)) — —oco ast — T—.

Proof. By D we will denote a generic constant which may depend on ug. Assume on the
contrary that ®(u(t)) > —D for every t < T'. Then

T
(3.40) / / uldvdt < D,
o Jo

and Gronwall’s inequality easily implies
(3.41) / w?(x,t)dr < D for every t € [0,T).
Q

In the same way as in the proof of Theorems 3.2 we obtain now a bound for ||u(t)]|1 2,
t € [0,T), which contradicts our assumptions. Il

Remark 3.9. Assume (3.32). If we only considered positive solutions of (3.1) then under
suitable assumptions on the function a we could derive uniform a priori bounds for global
solutions with bounded energy (and energy blow-up for non-global solutions) for every
p < ps. In fact, one has just to modify the proof of [31, Theorem 4.2] (cf. also [5,13,19,21],
where the same ideas are used in order to prove a priori bounds for positive stationary
solutions of (3.1)).

In what follows we will assume (3.32) and we denote

OF ={reQ: alx) > e},
Q= {reQ: alx) =¢},
Q- ={xeQ:alx)<e}

Lemma 3.10. Assume (3.32), (A1), (A2), a € C(Q) and let the estimate in (A3) be
true for some p > 1. Let ug € E N L¥(Q), |ug| < K, € > 0, and let T denote the
maximal existence time of the solution uw = wu(x,t;ug). Then there exists a positive
constant C' = C(K, e) such that |u(z,t)| < C for every x € QZ, and every t € [0,T).

—&

Proof. Fix C7 > 0 such that

uf >

M |

(|Au+ |h(z,w)]) for every z € Q, u > C}.

N —

g(u) =
Then
flz,u) = Au+a(x)g(u) + h(z,u) < —%up for every x € Q7_,, u > C.
Consider 6 > 0 small such that

ja(z) —a(y)| <e/2 if [z —y| <0
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and choose zp € 2__. Then
Qs(xo) :={z € QX : v — x| <} C Q.

Let Bs := {x € RY : |z| < ¢} and let w = ws be the unique positive solution of the
singular elliptic problem

Aw = gwp in By, w=o00 on JBs,

see [33]. Then ws(0) = infp, ws — o0 as § — 0+. Fix § > 0 such that ws(0) >
max{C1, K'}. Then the restriction of ws(x — o) to the set 5(zg) is a supersolution
for the corresponding restriction of u(zx,t), hence u(xg,t) < ws(0) for every t € [0, 7).
Since xg € {2, was arbitrary, we obtain a uniform upper bound for « in €2Z_. The lower
bound can be obtained in an analogous way. O]

Lemma 3.11. Assume (3.32) and (A1)—(A4). Let eg, 0p, — 0 and let wy, k =1,2,...,
be solutions of

—Aw = (A = 0p)w + (a(x) — eg)g(w) + h(xz,w), x € Q,
w =0, x € 0.

Assume that O (wy) < C for some C' > 0, where

Oy (w) = P(w) —i—é—g/ng dx—i—ek/QG(w) dr.

Then the sequence (wy,) is bounded in E.

Proof. Assume on the contrary that (for a subsequence) |wg|12 — oo as k& — oc.
Multiplying the equation

—Awy, = (A — 0p)wy + (a(x) — ex)g(wg) + h(x,wy)

by wy, integrating over 2 and using ®;(wy) < C' we arrive at
/Q (@ — e0)g(wn)wr + Az, we)wy) dr = /Q (Varl2 = ( — 6)ud) da
< 2(0 + /Q((a — &) Glw) + H(x, wy)) dx).
As a consequence of (A3) we obtain

(3.42) ()5 = 26(5) = g s+ O(), o =

hence the above estimate implies both

-1
—— (a —ep)|wp P de < C(l —i—/

2
wdm)
p+1Ja @
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and

(3.43) /|Vwk\2dx§0(1+/w,%dx).
Q Q

Setting vy = wy/||wk|12 we may assume that vy, — v weakly in £ and strongly in
LP*1(Q). As in the proof of Theorem 3.7 we obtain [, aa|v|P! dz = 0 and derive a
contradiction. O

In the following proposition we will assume that there exist e, > 0, ¢, — 0 as k — oo,
such that

(3.44) meas ng =0, k=12,..., and meas Q° = 0.
Notice that this assumption is trivially satisfied if (A6) holds.

Proposition 3.12. Assume (3.32), (A1)—(A3) and (3.44). Assume moreover that a €

C (). Let K C E be compact,

(3.45) D(ug) <0 and u(t,ug) be unbounded for every ugy € K.

Choose M > 0. Then there is a continuous map n: [0,1] x K — ®° < {0} such that
(3.46) n(0,u) = u, n(1, K) C Hy}(QT)nd M.

Proof. First let us prove that for k large enough,

(3.47) O, (ug) <0 and wu,(t;up) is unbounded for every ug € K,

where

O (u) := D(u) +5/QG(u) dx,

and u.(t; ug) denotes the solution of the problem

ur — Au = du+ (a(z) —e)g(u) + h(z,u), =€, t>0,
(3.48) u=0, xed, t>0,
u(z,0) = up(x), x € S

In fact, since sup;, ® < 0 and K is bounded, we have supy ®., < 0 if k is large enough.
In order to prove the unboundedness of u., (¢; ug), assume on the contrary that there exist
upx € K such that the solutions uy(t) := e, (¢; up ) are global and bounded. Then the
w-limit set of uy is a nonempty set consisting of equilibria. Pick up wy, in this set. Since
., (wr) < 0, Lemma 3.11 guarantees that the sequence (wy) is bounded in E. Therefore,
D, (ug(t)) > &, (wy) > —Cs for some Cy > 0. Now a straightforward modification of
the proofs in Theorems 3.7 and 3.2 guarantees that there exists a constant C* > 0 such
that
lluk(t)||12 < C*  for every k and every ¢t > 0.
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We may assume that ug, — ug € K. The continuous dependence of the solutions of
(3.1) and (3.48) on the initial data and on ¢ implies

|u(t; uo) |12 < C

which contradicts our assumptions. Hence, (3.47) is true.
Notice that

(® — ., )(u) = —2 /Q Glu) dz < £C(G,p)

where the constant C'(G, p) does not depend on u, hence

(3.49) O (u) < @, (u) +min{l, — 5111(10 o, } foreveryue E

if k is large enough.

Fix k such that (3.49) and (3.47) are true and set ¢ := ¢;. Let D be a large
positive constant to be specified later, D > —infx ®.. Choose uy € K. If the solution
us(t) := uc(t;up) blows up in a finite time T then ®.(u.(t)) — —oo as t — T— due to
Theorem 3.8. If this solution exists globally then its unboundedness implies @, (u.(t)) —
—0o0 as t — oo due to Theorems 3.7 and 3.2. Hence, in any case there exists t.(ug) =
t-(ug, D) € (0,00) such that

O, (uc(t-(up))) = —D.
Since t — P (u(t)) is strictly decreasing, the mapping t.: K — (0,00) : ug — t-(ug) is
continuous. Notice also that (3.49) implies

D(u(t)) < Po(uc(t)) — 8111<p o, <0.

Set T := maxg t. and define the continuous map

ue(2Ts;ug)  if 2Ts < t.(up),

n:10,1/2] x K — ®° < {0} : (s, u) — {u (t(uo)iuo) if 2Ts > t.(up).

Since K is bounded in E, it is easy to find 7 > 0 small (7 < ming t.) such that the

set {uc(T;u9) : uwy € K} is bounded in C(f2). Now Lemma 3.10 (used with a and
e replaced by a — ¢ and €/2, respectively) guarantees that there exists C; > 0 such
that |u.(t;up)| < C in Q;/z for every t € [1,t.(up)] and every uy € K. Consequently,
In(s,u0)| < Cyin Q_, for every s € [7/(2T),1/2] and standard parabolic regularity
estimates imply

(3.50) 1901/2,00) gy < Co
Notice that ®.(n(1/2,up)) = —D and ® < &, + 1 imply

O(n(1/2,up)) < —D + 1.
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Let ¢: Q — R be a smooth cut-off function, suppy C QO+, ¥ =1 on O

<5 Then

n(s, uo) = 2(1 = s)n(1/2,u0) + (25 — 1)¥n(1/2, uo), s € (1/2,1],
is a continuous map, n(1,uy) € Hg(27), and using (3.50) we obtain
®(n(s,ug)) < ®(n(1/2,u0)) + C(Co, ) < =D+ 1+ C(Co, ) < =M
for every s € (1/2,1], provided D is sufficiently large. This concludes the proof. O

In [42], the existence of nontrivial equilibria of (3.1) is proved for f(z,u) = Au +
a(x)g(u) under some assumptions on a, g which are different from those in (A1) and
(A3). In particular, those assumptions allow the difference between g(u) and |u[P~'u
to grow faster than linearly so that the superlinearity assumption (3.5) need not be
true. We will show that Theorems 3.2, 3.7, 3.8, Lemma 3.11 and Proposition 3.12
remain true (with minor modifications) if we replace (A3) with (A8). Notice that this
new assumption enables superlinear perturbations of the power function |u|’~'u. In
fact the condition g(u)/(Jul/P~'u) — C as |u| — oo in (A8) is even weaker than the
corresponding hypothesis [42, (H5)]. Note also that the requirement a # 0 on 0f2 in
(A8) can be weakened to similar conditions as in [42, (H1)-(H2)]. On the other hand,
we have to assume that p < p3, where

(N

—N+i’ if N <3,
(3.51) Py = ; it N =4,

v N >4,

and p* is defined in (3.2).
Theorem 3.13. Assume (3.32), (A1), (A2) and (AS).

(a) Given n > 0 there exists C' = C(n) such that (3.11) is true for all solutions u
satisfying (3.6) and (3.7).

(b) Let u be a solution of (3.1) which blows up in a finite time T in the H*(Q2)-norm.
Then ®(u(t)) — —oc0 ast — T—.

(c) Let K C E be compact and assume (3.45). Choose M > 0. Then there is a
continuous map n: [0,1] x K — ®° {0} such that (3.46) is true.

Proof. (a) First let us show that (3.6) and (3.7) imply (3.8) (cf. Theorem 3.7). In fact,
arguing by contradiction, as in the proof of Theorem 3.7 we obtain s; > 0 and solutions
ug(x) = ug(z, sx) of the problems

—Auy, = a(z)g(ur) + hp(z), x €,
U = 07 T € (3Q,
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where hi(z) = Aug(z, sg) + h(z, ug(x, sg)) — pur(z, si) satisfy

/thdxgc<1+/guzdx>,

and the sequence (uy) is unbounded in L?*(€2). Now one can repeat all estimates in [42,
Section 2] (with g; := g and with an obvious estimate of the additional term hy) in order
to obtain a contradiction. Consequently, (3.8) is true.

Next we prove the estimate

t+n
(3.52) / / \Vul? dz dt < Oy for every t > 0.
¢ Q

Assume on the contrary that

trp+n
/ / |Vuk|2d:vdt—>oo
tr Q

where wui(z,t) = wu(z,t;upr) are global solutions satisfying |®(upx)] < C and
O (ug(-,t)) > —C. Notice that (3.8) and (3.10) (with u replaced by uy) are true. Repeat-
ing the estimates in [42, Section 2] (with all quantities integrated over the time intervals
(tk,tx + 1)) we obtain a contradiction. Consequently, (3.52) is true.

Now we will proceed as in the proof of Theorem 3.2, starting with (3.14) replaced
by (3.52). As in that proof, we may assume that ||ug|l; 2 < C. Bounds (3.52) and (3.10)
imply a uniform bound for w(t) in L"(§2) whenever r < 2N/(N — 1), hence a bound in
HQ)ifp<(N+3)/(N—=1). Ifp> (N+3)/(N—1) (and N > 3) then we can repeat
word by word the bootstrap argument in the proof of Theorem 3.2.

(b) Let u blow up at time 7' < co. Assume on the contrary that ®(u(t)) > —D for
every t < T. As in the proof of Theorem 3.8 we obtain (3.40) and (3.41). Fix n > 0 and
assume that

tp+n
/ /|Vu|2dq:dt—>oo as k — o0,
tr Q

where ¢, < T — 7. Then we obtain a contradiction in the same way as in the proof of
(a). Hence (3.52) is true for ¢ < T — n and the same arguments as in (a) guarantee a
uniform bound for ||u(t)||1,2, t < T, which yields a contradiction.

(¢) We will mimic the proof of Proposition 3.12. In fact, in that proof we just have
to notice that Lemma 3.11 remains true due to the estimates in [42, Section 2| (notice
that the estimate (3.42) need not be true now). O

Proposition 3.14. Assume (3.32), (Al), (A2), (A4), a € C(2) and let the estimate in
(A3) be true for somep € (1,ps). Fize > 0. Then, givenn > 0, there exists C = C(n,¢)
such that

(3.53) [u()]gzlle <C for allt > 2,

for all solutions u satisfying (3.6) and (3.7).

24



Proof. The proof is an easy modification of the local estimates in [24]. In fact, choose
a finite sequence 0 < €7 < g9 < -+ < €41 < €, where k is the number of steps in the
bootstrap procedure in [24] (this number depends only on p and N). Set €; := QF,
1=1,2,...,k+ 1, and choose smooth cut-off functions ¢; with support in €2; such that
v, =11in Q44,1 =1,2,..., k. Define the local energies

Bi(u) = & / (IV ()P — [V 2u?) de / 2F(x,u) d,

/¢ |Vu|? de — /WF T, )

As in [24] one can prove that ®(u(t)), ®;(u(t)) are uniformly bounded for ¢ > 7. Then
one can use the same arguments as in [24] (cf. also [39] or [40]) in order to show that
the estimate

s+1
(3.54) / llu(t)]q, ||H1 ydt < G for all s > 7,

/5 " e

where ¢ < ¢+ 7. Since (3.54) is true for ¢ = 1 and ¢ = 2 (see (3.14) in the proof of

Theorem 3.2), We obtam (3.54) with i = k and ¢ large. More precisely, ¢ is large enough
to guarantee that interpolation between that estimate and

guarantees

26
”1H1§1(Q¢+1) dt S Cq’ for all s > n,

s+1
/ el 220, < C

implies a uniform bound for u(t)|q, in LP*'(Q). Now the boundedness of the energy
Py (u(t)) implies a bound for u(t)|q,,, in H'(Q41). Finally, standard interior parabolic
estimates guarantee (3.53). O

Corollary 3.15. Assume (3.32), (A1), (A2), (Ad), a € C(Q) and let the estimate in
(A3) be true for some p € (1,ps). Let Q := Bg(0) be the ball with center in the origin
and radius R. Let a and h(-,u) be radially symmetric, a(0) # 0.

(a) Givenn > 0 there exists C' = C(n) such that (3.11) is true for all radial solutions
u satisfying (3.6) and (3.7).

(b) Let uw be a radial solution of (3.1) which blows up in a finite time T in the
HY(Q)-norm. Then ®(u(t)) — —occ ast — T—.

(c) Assume (3.44). Let K C E be compact, consist of radial functions and assume
(3.45). Choose M > 0. Then there is a continuous map n: [0,1] x K — ®°~ {0}
such that (3.46) is true and n(t,u) is radial for all (t,u) € [0,1] x K.
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Proof. 1t is sufficient to prove assertion (a) since the remaining assertions can be obtained
by a straightforward modification of the proofs of Theorem 3.8 and Proposition 3.12.

If a(0) < 0 then we obtain a uniform L* bound for u(t), ¢ > 7, in a small ball B.(0)
from Lemma 3.10. If a(0) > 0 then the same bound follows from Proposition 3.14.
Proceeding as in the proof of Theorem 3.2 and using the fact that u(x,t) = U(|z|, ),
estimates (3.14) and (3.10) imply

t+n R 2 t+n R
/ (/ der) dt+/ / U2drdt < C,
t € t €

and interpolation yields a uniform L* bound for U(t) in Bg(0) \ B.(0) (see [40]).
Consequently, u(t) is bounded in L>(2). Now the assertion is obvious. O

In the following theorem we show that the exponent pj in Theorem 3.2 can be
increased if N = 2, provided f has the form (3.32) and a satisfies some additional
assumptions. In the subsequent remark we indicate how one can use that result in
order to prove the existence of nodal equilibria of (3.1) even if a does not satisfy those
additional assumptions.

Theorem 3.16. Let N = 2. Assume (3.32), (Al), (A2), (Ad), a € C(2) and let the
estimate in (A3) be true for some p € (1,5 + 4v/2). Assume that dist(Q,Q7) > 0 and
a}r/(p_l) € W>(Q). Then, given n > 0, there exists C = C(n) such that (3.11) is true
for all solutions u satisfying (3.6) and (3.7).

Proof. Let u satisfy (3.6) and (3.7). The estimates in Theorems 3.2, 3.6 and 3.7 guarantee
a uniform bound for u(t) in L2(Q2) and for Vu in L*((t,t +n), L*(Q)), t > .

Denote ¢ (u) := g(u) — [ulP~'u, b(z) := ar(z)/®Y and v := bu. Multiplying the
equation in (3.1) by b we see that v solves the problem

v, — Av = |v[P~1v + w, ref t>0,
v=0, x €0, t >0,
v(x,0) = b(x)up(x), x €,

where w := 0Pg;(u) + bh(-,u) — Abu — 2Vb - Vu is bounded in L*((t,t + n), L*(Q2)) for
t > 1. Using the estimates in [6, Theorem 4.1] we get a uniform bound for v(t) in L*(2)
for all ¢ > 27 (notice that the hypotheses of that theorem require p < 5 + 4\/5)

Set ) := int(QT UN°). Then u solves the problem

uy — Au = |[v[Ptu + wy, x ey, t>0,
u =0, x € INNIN, t>D0,

where v(t)|q, is bounded in L>(€y) for ¢ > 21 and u(t)|q,, wi(t) are bounded in L*(€)
for t > 1. Since N = 2, parabolic estimates guarantee an L> bound for u(t)|q+ for all
t > 3n. Here we use the fact that dist(Q*, Q) > 0.
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Set Qy := int(Q~ U QN°). Then u solves the problem

uy — Au = a(z)|ulP u 4 ws, x €y, t>0,
u =0, x € 0NQNINQ, t >0,

where a(x) < 0 for z € Qy, u(t)|q,, wa(t) are bounded in L?(y) for ¢t > n and u(x,t)
is bounded for z € 02 \ 002 and t > 31 due to the estimate of u(t)|g+. The maximum
principle and parabolic estimates yield an L> bound for u(t)|q, for all ¢ > 4n. Conse-
quently, u(t) is bounded in L*(Q2) for ¢ > 47n. Finally, the estimate (3.11) (for t > 5n)
follows by standard arguments. O]

Remark 3.17. Let, for example, a satisfy (A6), ag, k = 1,2, ..., satisfy the assumptions
of Theorem 3.16 and a;, — a in C(). Assume for simplicity that A < A;. Then one can
use the arguments in Section 5 in order to find nodal equilibria wy (corresponding to
ar) such that wy, connects to zero, k = 1,2,.... In addition, the corresponding energies
&y (wy,) remain bounded since we can find the equilibria wy, in the w-limit sets of initial

data ugy which are uniformly bounded in H'(£2), hence

Now similarly as in the proof of Lemma 3.11 (cf. also [42]) we obtain the boundedness
of (wy), hence one can pass to the limit in order to see that w := limj wy, is a nodal
equilibrium of the limiting problem (to prove that w is nodal it is sufficient to use the fact
that the zero solution is an isolated equilibrium for every subdomain of €2). However,
the existence of a connection from w to the zero solution does not seem to be clear.

4. Signed Equilibria

This section is devoted to the existence of signed equilibria.
Let us start with stating some facts about the general equation (3.1), assuming only
f € Fs. Consider also the related stationary problem

(4.1) { —Au = f(x,u), x €€,
u =0, x € 0f).

A supersolution (subsolution) u of (4.1) is, by definition, a function in u € W1(Q) N
CY(Q) satisfying —Au > f(x,u) (—Au < f(z,u)) for a.e. z € Q and u(x) > 0 (u(x) < 0)
for x € 00. A strict supersolution (subsolution) of (4.1) is a supersolution (subsolution)
of (4.1) that is not a solution of (4.1). The comparison principle yields that the solution
u(t) of (3.1) satisfies u(t) < w whenever uy < @ and @ is a supersolution of (4.1) (an
analogous assertion is true for the subsolution). Moreover, the following lemma can be
proved by standard methods.
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Lemma 4.1. Let f € Fs. Suppose that u is a strict supersolution of (4.1), that u is a
strict subsolution of (4.1), and that uw < u. Let

[w,a] :={ue F:u<u<u}
denote the order interval in E. Then the following hold:
(a) Every semiorbit starting in [u,d] is a global semiorbit.
(b) For allt > 0 the set Oy (¢"([u,u])) is relatively compact.
(c) ® is bounded below on [u,u] and attains its minimum at an equilibrium in [u, ).

(d) The interval [u,u] is strictly positive invariant in the following sense: For all
u € [u,u] and t > 0 it holds that ¢*(u) € intx([u,u] N X).

(e) For all t > 0 there is an open neighborhood U of [u,u] in E such that p'(u) €
[u, @] for allu e U.

(f) The set A([u,u]) is open.

In what follows, for an open subset V' of RY denote by A\;(V) the first eigenvalue
of —A in H}(V), and by e;(V) the corresponding positive eigenfunction, normalized by
supy e1(V) = 1. We now specialize to nonlinearities f having the structure

flz,u) = M+ a(x)g(u) + h(x,u).

Lemma 4.2. Assume (A1) and (A5). For every A > Ay there is g > 0 such that e, ()
is a strict subsolution and —ee,(Q2) is a strict supersolution of (E\) for all € in (0, ).

Proof. As (A1) and (Ab) are satisfied, there exists § > 0 such that
Vo e QVul <d: (A= A)|u| > |a(2)||g(w)| + [h(z,u)]|.
It is enough to choose gp < 4. O

Lemma 4.3. Suppose that (Al), (A2) and (Ab) hold, and g fulfills either (A3) or the
condition in (A8). Then the sets At and A~ are bounded above.

Proof. We prove the lemma only for A™, the proof for A~ being similar. As QF is a
nonempty open set, there exist x € Q and p > 0 such that U := {y : [y —z| < p} C Q.

Let A € AT and u be the corresponding positive solution of (E)). Testing (E)) with
e1(U) we obtain

/U()\uel(U) + ag(u)e (U) + h(z,u)e; (U)) do = /UVUV€1(U) dx
= —/ uley(U) dx +/ uael(U) ds.

U 81/
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As u > 0 and 0ey(U)/0v < 0 on OU we get

(-nw) [

Uuel(U) dr < — / (ag(uw)er(U) + h(z,u)er (U)) dz.

U

Using the fact that U C QF, (A5) and the assumptions on the growth of i and ¢,
we get the existence of M > 0 satisfying —a(x)g(w) — h(z,w) < Mw for all w > 0 and
z e U. From e (U) > 0 and [;; ue;(U) dz > 0 we obtain A < M + X\ (U). O

Remark 4.4. We will prove in Section 5 that (under suitable assumptions on a, g and h)
(—oo,AT) € AT and AT = (—o0, AT] if AT > A;. Of course, similar assertions are true
for the set A™.

Remark 4.5. If h=0,¢> 1, g(u)/u? — C >0 as v — 0+ and

(4.2) /Qa(x)e'fﬂ(ﬁ) dr <0

then a local bifurcation analysis at A = A\; shows that AT > Ay, see the proof of [3,
Lemma 2.3], for example. (If a is not Holder continuous then one has to replace the
spaces C’gﬁ and C%? in that proof with W™ N VVO1 " and L" respectively, where r > 1
is large enough.) In some cases, the condition (4.2) is also necessary. More precisely,
if g(u) = |u|?'u and A; € AT then the condition (4.2) has to be satisfied, see [3,
Lemma 1.3]. Again, similar assertions are true for the set A~.

Our next aim is to prove that A* may be arbitrarily large.

Proposition 4.6. Assume that g € CY(R,R), g € Fs, ¢'(0) =0, g > 0 for u > 0 small,
h=0inQxR, and A > \;. Then there exists a € C®(Q) such that \* = X\*(a, g,h) > )
and such that Q" and Q1= are nonempty open sets.

The function a can be constructed such that 0 is a regular value of a and a # 0 on
0. On the other hand, we can also achieve that dist(Q,Q7) > 0 and condition (A4.2)
from (A4) is satisfied.

Proof. First we construct a € C*°(£2) with the required properties such that (E)) pos-
sesses a positive strict supersolution u € C*°(€2). More precisely, we construct a and u
such that

(4.3) —Au > u+ ag(u) in Q,
(4.4) u >0 in Q.

Let o € Q and B.(xg) := {2 : |[v — x| < e}. There exists gy € (0, dist(zg, 0Q))
such that Ai(B:(zo)) > 2 for all € € (0,&]. We define Oy := B (o), Q2 1= Bey/2(20),

Q3 := B.,3(x0) and functions n;: & — [0,1], i = 1,2, such that n; € C*°(£2) and

0, T €N~ Qi;
17 T c Qi+17
€(0,1) else.

ni()
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Let K > 0 be such that g(¢) > 0 for ¢t € (0,2K). Set
u:K<€1(Ql)771+1—771) in ﬁ
Obviously, u € C*(Q2), K > u > 0 in Q and

- K\ in Q< 0,

(45) —Au - )\'LL{ > K)\Gl(Ql) in QQ.

In order to satisfy (4.3) it is enough to choose a € C>® (),

—Au— ., =
a< ——— in
g(u)
as g(u) > 0in Q.
Due to (4.5) we obtain
. —Au—u . —Au—)u
op i=min ————— >0, ag:=min ————— < 0.
o g(u) a  g(u)

Defining a := ay + (a1 — a2)ne — a1 /2, we have a € C*®(2), a # 0 on 9, a > 0 on Q3
and a < 0 on Q\ Q. It is clear that it is possible to choose 1, such that 0 is a regular
value of a or that (A4.2) from (A4) holds.

Observe that for € > 0 small enough the function ee;(2) is a positive strict subsolu-
tion of (E)) by Lemma 4.2, and ce;(2) < u due to (4.4). Now the claim follows applying
Lemma 4.1(c) to [ge1(€2), u]. O

5. Equilibria and Connecting Orbits from A Priori Estimates

To have the a priori estimates of Section 3 at our disposal, throughout this section we
consider (P,) and assume (A1), (A2) and either (A8) or (A3) and (A4). In addition, we
assume (A5). As before, ¢ denotes the semiflow induced by (P)) on E.

For convenience denote
1/2
full = [ |vupac)
0

U(u) = /Q(a(x)G(u) + H(z,u)) dx

and define ¥: ' — R by

O(u) = %(HUII2 = Mull2) — ¥(u) .

Moreover put
K:={ue Ex{0}:®(u)=0},
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the set of nontrivial critical points of ®.

If c € Rcall (u,) C E a (PS)_-sequence for ¢ if ®(u,) — ¢ and ®'(u,) — 0 as
n — oo. If every (PS)_-sequence is relatively compact we say that ® satisfies the (PS) -
condition. If ® satisfies the (PS) -condition for every ¢ € R then ® is said to satisfy the
(PS)-condition.

Lemma 5.1. If (u,) C H}(Q") satisfies ®(u,) < C and | D' (u,)u,| < Clluy|| then |Juy,|
remains bounded.

Proof. Suppose that (u,) C HJ(Q") satisfies ||u,|| — oo. First of all &' (u,)u, =
O(||un||) yields

(5.1) W ()t = Jlun||* + O([[tall + unl[3) -

Since g(u)u > 0G(u) — C for some 6 > 2 and C' > 0, we obtain

N =N =

C 2 ®(un) = 5 (Ilunl* = Allunll2) — ¥ (un)

1
2 S ([lunll* = Mlwnll3) = 59" (un)un + O(flun[2) -

This estimate and (5.1) imply
(5:2) lunll® = O(llunll3) -

Furthermore (5.1) yields

5.9 || el de = O

Set v, = u,/||lu,||. We may assume that v, — v in Hj(Q"), and hence that v, — v in
Li(QF) for g € [2,ps + 1). Now (5.3) implies that

/ a(z)|v|Pttdr =0,

Q+

which together with a(z) > 0 on QT yields v = 0. This in turn implies v,, — 0 in L?(£2),
in contradiction with (5.2). O

Corollary 5.2. There is Cyyn < 0 such that ®(u) > Ch, for every u € Hg(Q1) with
O’ (u)u = 0.

Corollary 5.3. The restriction of ® to a closed subspace of Hy(Q") satisfies the (PS)-
condition.

Lemma 5.4. If Y is a finite dimensional subspace of H}(QT) and ug € E then

lim ®(u+up) = —00.
G
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Proof. Consider the weighted norm

1

p+1
full = ( [ atalura)
O+

on H}(2T). On Y it is equivalent with ||||. The claim now follows since
O(u+u) < —cllull7™ + O(ull®) as [Jul] — oo
for u € HY(QT). O

In the sequel we apply some of the results from [1]. Note that assumptions (F1),
(F2), (F4)—(F6) in that paper follow from our general assumptions in this section and
from the a priori estimates proved in Theorems 3.2, 3.7 and 3.8. Assumption (F3)
in [1] is not satisfied in general in the present setting. Nevertheless, the facts proved in
Lemmata 5.1 and 5.4 and in the Corollaries 5.2 and 5.3 are sufficient for the application
of the results from [1] as we will show. In addition, the a priori estimates from Section 3
and the compactness of ¢ imply the following:

If A C FE is closed and inf ®(A) > —oo then every positive semiorbit
starting in A(A) exists for all positive times and is relatively compact.

Proposition 5.5. If A < A\ then there are a positive equilibrium ut and a negative
equilibrium u~ such that u® = 0.

Proof. The set A(0) is an open neighborhood of 0. Choose vy € Hg(2") such that vy > 0
and denote by V the span of {vg} in F. By Lemma 5.4 A(0) NV is bounded. The rest
of the proof is the same as that of [1, Thm. 3.1} if one replaces E; by V. ]

Proposition 5.6. If A < Ay then there is a nodal equilibrium u* such that u* > 0.

Proof. Put

Wy :={ueFE: T (u)= o0, limsupr(t,u)H}g <etM}.

t—o00

In the terminology of [1] this is the second superstable manifold of ¢ at 0. It is a
C'-submanifold of E of codimension 1, tangent in 0 to the generalized eigenspace Z
of L corresponding to the spectral set (L) N (A, 00). Choose linearly independent
v1,v9 € H}(QT) such that v; > 0. Denote by Vi the span of {v;} and by V5 the span
of {v1,v2}. Note that E = V; & Z. Denote by P the projection in E onto Z with
kernel V;. It follows as in the proof of [1, Thm. 2.6] that the restriction of P to Wj is
a diffeomorphism onto an open neighborhood of 0 in Z. By Lemma 5.4 the set ®° N V5
is bounded. Replacing 5 by Vo and E, by Z the proof can be finished following the
arguments in the proof of [1, Thm. 3.2a)]. O
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In the next existence result the local structure of the semiflow at 0 will play an
important role. Therefore recall that for A € R there exist local (strong) stable and
unstable C'-manifolds W . and W2, at 0 with respect to ¢. They are given as C'-graphs
over neighborhoods of 0 in the (strong) stable and unstable generalized eigenspaces E®
and E", the generalized eigenspaces of L corresponding to the spectral sets o(L)N(\, 00)
and o(L) N [A1, ). Furthermore, they are contained in the global stable and unstable
sets W* and W" of 0:

W :={ueFE:ptu —0ast— oo}
Wh:={ueFE:p(tu —0ast— —oc0}.

Proposition 5.7. Assume that (A6) holds.

(a) If \ € RN o(L) then there is a nontrivial equilibrium u* such that either u* > 0
or 0 > u*.

(b) If X € (L) and if in addition (AT) holds then there is a nontrivial equilibrium
u* such that either u* > 0 or ®(u*) < 0.

The equilibrium u* obtained in (a) and (b) above is nodal in the case u* > 0.

Proof. (a) Denote by P" and P® the projections in F onto E" and E*, respectively. If
u € E we write u" := P"u and v* := P°u. The local unstable and stable manifolds W} .
and W§ _ are given as the graphs of maps &, € C'(V", E®) and & € CY(V®, EV), where
V* C E" and V® C E® are open neighborhoods of 0. Moreover, &,(0) = 0, £,(0) = 0,
&(0) =0, and &/(0) = 0. Hence we may also assume that

(5.4) sup [[§, (v) | <

veVu

and  supl|gi(v)]| <
veVs

N | —
N | —

Set Z,(v) := v+ &, (v) for v € V" and Z4(v) := v+ &(v) for v € VB, The global unstable
and stable sets of 0 are then given by W" := O, (W}2,) and W® := O_ (W} ) respectively.
If Y is a subspace of E then we set

UY ={ueY: ||u|<r},BY ={ueY |ul|<r},SY ={ueY  |ul|=r}
Choose r > 0 such that
B.E* C V" and B.E° CV*®.

Set

B = Zy(B, E) S = 2,(S, E°)
B" = Z,(B,E") S = Z,(S, EY) .

It was shown in [1, Lemma 2.1] that

(5.5) O, = inf ®(S*) > 0.
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Put A := ®° < {0}. Since ®(u) > 0 for v in W* \ {0},
(5.6) BnNA=go.

Clearly ®(u) < 0 for every u in S". If there is no u* € K such that 0 > u* then O, (u)
is unbounded for every u € S" (since every bounded positive semiorbit is global and
relatively compact). By Proposition 3.12 there is 7; € C([0,1] x 8", F)) such that

n(0,v) =wv
Ky =mn(1,8%) C %20 {(QT)
m([0,1] x S*) C A.

Since K7 is compact and @' is bounded on bounded subsets we may find an approx-
imating finite dimensional subspace Y of H}(QT) with the following property: If we de-
note by Py the orthogonal projection onto Y and if we define 7, € C([0, 1] x Ky, H} (1))
by no(t,v) := (1 — t)v + t Pyv, then

n2(0,v) = v
(5.7) Ky :=ny(1, K;) € @Cmin~!
n2([0,1] x K;) C A .

Choose a finite dimensional subspace Z of HJ(2V), strictly including Y. By
Lemma 5.4 there is R > 0 such that ®(u) < 0 for v in Z ~ BrZ. Denote
Cr = min ®(B,gY). By Corollary 5.2 ®|y has no critical point in Y N ®“min=1 More-
over, Corollary 5.3 ensures that ®|y satisfies the (PS)-condition. In view of (5.7) we can
therefore find a deformation n3 € C([0,1] x K5,Y") such that

n3(0,v) = v
(5.8) Ky :=n35(1, K;) C "I NY C Y N\ ByrY
7]3({0, 1] X KQ) C A.

We now fix vy € SerZNY+ and define ny € C([0,1]x K3, Z) by na(t,v) := (1—t)v+tvp.
From the definition of R and from (5.8) we deduce that

n4(0,0) = v
na(1, K3) = {vo}
na([0,1] x K3) C A .

The deformations constructed above can be combined and scaled to yield a deforma-
tion n € C([0,1] x 8%, E) such that

(5.9) n(0,v) =wv
(5.10) n(l,v) =vy € A
(5.11) n([0,1] x S*) C A,
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Define the sets
M :=1[0,1] x B*, My:=1[0,1] xS"U{0,1} x B,

the continuous map ~y: My — E by

n(t,v) vesSt
Yo(t,v) := v =0
Vo t=1 s

and the class of maps
D:i={yeCM,E):v|m ="} -
We claim that M and S° link, in the following sense:

(5.12) Yy el y/(M)NS £ 3.

To see this_ﬁx v € I'. Consider the open subset U := U,.E" 4+ U, E® of E and define
kit [0,1] x U — E for i = 1,2 by

lﬁ(t, u) =’ —u" + t(&s(us> - gu(uu))
Ro(t,u) = Z(u®) — (¢, ZEu(u")) .

Using the fact that E" is finite dimensional it is easy to see that
(5.13) (I — £,;)([0,1] x U) is compact for i = 1, 2.

We will show that the assumption

(5.14) Y(M)NS* =2

implies

(5.15) Ri(t,u) # 0 for i = 1,2, t € [0,1] and u € OU
and

(5.16) ko(l,u) # 0 foru e U .

Hence, if (5.14) were true homotopy invariance of the Leray-Schauder degree, k;(1,-) =
k2(0, ), (5.13), (5.15) and (5.16) would imply

0 # —19mF" — deg(P* — P, U, 0) = deg(,(0, ), U,0)
= deg(’il(la ')7 U? 0) = deg(’i2<07 ')7 U> 0) = deg(ﬁ2(17 ')7 U7 0) =0 )

a contradiction.
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To prove (5.12) it therefore remains to deduce (5.15) and (5.16) assuming (5.14). By
(5.6) and (5.10) v ¢ B®. This proves (5.16) in view of the definition of kg, 7 and ~,. To
prove (5.15), always assume that ¢t € [0,1]. If u € S, E" + B,E*® then

1P ra(t, w)]| = [[—u® + t&s(u) | = [Ju"|] = & ()| = 7 —7/2>0

due to (5.4) and &(0) = 0. Similarly it follows that sy (t,u) # 0 if w € B, E" + S, E®.
This proves (5.15) for x;. If u € S, E" + B, E® then (¢,Z,(u")) = n(t,Z,(u")) € A.
Hence ko(t,u) # 0 follows from ®(Zs(u®)) > 0 and from the fact that Zs(u®) = 0 if
O(Z5(u®)) = 0. If u € B, E"+ S, E*® then ko(t, u) # 0 follows from the assumption (5.14).
This proves (5.15) for kg and finishes the proof of (5.12).

As in the proof of [1, Thm. 3.2b)] we now consider a global continuous semiflow
@, which is just the semiflow ¢ “stopped” at the energy level 0. This is possible due
to Theorem 3.8. Starting with any fixed v € I" observe that @(t,v(-)) € I' and hence
Q(t,y(M))NS® # @ for all t > 0. Consider a sequence (t,) with ¢, — oo as n — o0
and m,, € M such that ¢(t,,v(m,)) € S°. Since

D(P(tn,v(mn))) = Cs >0

by (5.5) we see that @(t,,y(my)) = @(tn, y7(my)). Moreover, it follows that

D(y(mn)) = P(p(tn, v(mn))) = Cs >0 .

Since M is compact, we may assume that m, — m with ®(y(m)) > 0. Setting u :=
v(m), it is easy to see that this implies u € Ws \ W*. The argument used in the proof
of [1, Thm 2.4c)] yields an equilibrium in s~ W* that connects to 0. Now [1, Thm. 2.5]
shows that W5~ {0} consists entirely of sign changing functions. This finishes the proof.

(b) As in the proof of (a) denote by E® the generalized eigenspace of L corresponding
to the spectral set o(L)N(\, 00) and by E the generalized eigenspace of L corresponding
to the spectral set o(L) N [A1, A]. Define Wi, V®, & € C(V®, E), and W* similarly as
before.

From condition (A7) it follows as in the proof of [30, Thm. 4] that & < 0 on a
neighborhood of 0 in £°*. We may thus choose r > 0 small enough such that defining
B® and &*° as above, and setting

B = B, E" and SV =S5, E",

it holds that
O(u) <0 for u € B" .

Again, put A := ®° \ {0}. Suppose that K N ®° = @. Then min|®'(S)|z-1 > 0
since S is compact. The deformation lemma [45, Lemma 2.3] yields 7y € C([0, 1] x
S, A) such that setting Ky = no(1,S) it holds that max ®(K,) < 0. Moreover, since
by assumption ¢ has no equilibria with negative energy, O, (u) is unbounded for every
u € Ky. Replacing 8" by K we can proceed exactly as in the proof of (a) to construct
a deformation n € C([0, 1] x 8, E) such that (5.9)—(5.11) are satisfied, and to show the
existence of a nodal u* € K such that u* connects to 0. O
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Remark 5.8. The method used in the preceding proof to construct a homotopical linking
at 0 goes back to S. Li. For more information and references see [30].

Proposition 5.9. (a) Letw be a strict positive supersolution of (E\), uw € E. Then
there exists a positive solution u* of (FE)) such that u* £ u.

(b) Let u be a strict negative subsolution of (E\), u € E. Then there ezists a
negative solution u* of (E)) such that u* # u.

Proof. We will only prove assertion (a) since the proof of (b) is analogous. Set
(5.17) D :={ug € E:0 < ¢"(uy) <@ for some t > 0}.

Notice that the positive semiorbit O, (ug) is global for every ug € D, since the order
interval [0,W] is positive invariant. In addition, the set D is open. In fact, let uy € D,
to > 0 and 0 < @' (ug) < w. If t; > to then ¢ (ug) and T — ' (ug) belong to Py X due
to the maximum principle. Since

" (1) = " (o) [lx < Cllur — uoll

for every u; € E close to ug (where C' = C(t1, maxo<i<t, ||¢"(uo)||E)), we see that u; € D
if ||u; — upl|g is small enough.
Fix ¢ € Hy (1), ¢ > 0, and set

a* :=sup A, where A:={a>0:u+ ayp € D}.

Obviously @ € D, hence A is a nonempty open set. Since ® is bounded below on [0, 4]
and ®(u + o)) — —oo as @ — +oo due to Lemma 5.4, we see that A is bounded,
a* € (0,00).

A priori estimates in Section 3 guarantee that the positive semiorbit O, (u + o*®) is
global and bounded, hence its w-limit set is nonempty and consists of equilibria. Choose
u* € w(@+ a*). Then u* > 0 due to the maximum principle. Assume that v* < @.
Fix t > 0. Then

u' = ¢'(u") < ¢'(U) <7,
which easily implies w + a*y € D, a contradiction. Consequently, u* £ w. n

Corollary 5.10. We have (—oo,AT) C A*. In addition, if \* > X\ and either
meas(Q°) =0 or AT & o(Lg) then AT € AT.
Analogous assertions are true for ™.

Proof. Let A < At. Then there exists A > A such that (Ex) possesses a positive solution
u. Since U is a strict positive supersolution for (E)), we have A € A* by Proposition 5.9.

Now let A := AT > \; (notice that (A4) is satisfied with this choice of \). Consider
a sequence A®) 7 At with A1) > \;. Let e; be a positive eigenfunction corresponding
to the eigenvalue \; and let ¢y > 0 be small enough so that ce; is a strict subsolution
of (Eyw) for every ¢ € (0,g9) and every k. This guarantees that gge; < w for every
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positive solution w of (Eyw), k = 1,2,.... The solution of (Pyx)) with the initial
data ug := gge; converges to the minimal positive solution wy, of (Fyu) ) and the energy
of wy, (corresponding to the problem (Pyu))) is bounded above by the energy of wuy.
Consequently, the sequence (wy,) is bounded due to Lemma 3.11 (cf. also the proof of
Theorem 3.13(c)), hence compact. In addition, wy > gpe;. Thus we may assume that
wy — w, where w is a positive solution of (Py). This implies AT € A™. H

Corollary 5.11. If \; < A < AT then there exist at least two positive solutions of (E)).
If Ay < X < A\~ then there exist at least two negative solutions of (E)).

Proof. Let A € (A1, AT). Fix A € (\,A") and let 7 be any positive solution of (Fx). Due
to Proposition 5.9 we can find a positive solution u* of (F)) with u* £ w. On the other
hand, choosing v** € w(uw) we see that u** is a positive solution of (E)) (since 0 ¢ w(w)
due to A > A1) and u** < u, hence u** # u*.

The proof of the existence of negative equilibria is analogous. m

Proposition 5.12. Let A < \T and let w be any positive solution of (E)).
(a) If X > A\ then there exists a nodal solution u* of (E)) such that u* £ .

(b) If X > Ao then there exists a nodal solution u* of (E\) such that v* < u and
0> u*.

Proof. (a) Define the set D by (5.17). Exactly as in the proof of Proposition 5.9 we can
prove that D is open in E. Fix 1,1y € H} (1) linearly independent, 0 < ¢ < @, and
let V' denote the span of {11, 1s}. Similarly as in the proof of Proposition 5.9 we obtain
that the set DNV is bounded and the positive semiorbit O (ug) is global and bounded
for every ug € M := 9(D NV) (where the boundary is taken in the two-dimensional
space V). Set

M* :={uy € M :u* >0 for every u* € w(up)},

M~ :={up € M :u" <7 for every u* € w(ug)}.

Let up € M, u* € w(up) and u* < w. Assume that v* > 0. Then @ > u* > 0 due to the
maximum principle, hence 0 < ¢'(ug) < @ for some ¢ > 0, thus ug € D. But ug € 9D
and D is open, which yields a contradiction. Therefore, u* % 0 and MT™ N M~ = &.
Next assume that v* < 0. Then u* < 0 and one can find vy € D (close to uy € 9D)
such that ¢'(vg) < 0 for some ¢ > 0 which contradicts the definition of D. Hence u* &£ 0
and u* has to be either zero or a nodal function. Consequently, @ ¢ w(ug).

Now let ug € M, u* € w(up) and u* > 0. Then the instability of zero implies
0 ¢ w(ug). Using these facts it is easy to see that the word “every” in the definitions of
M™, M~ can be replaced by “some”. Notice also that the sets M+, M~ are relatively
open in M.

Next assume that M = MTUM ™. Fixe € (0,1). Observe that e¢p; € DNV. We will
show that the topological degree deg(Id, DNV, eyy) equals zero, which yields an obvious
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contradiction. In fact, this assertion can be easily obtained by using the homotopies

u+ary, ue M,
u—ay, ue M,

(

(
o= {0 rem v
’ (1—a)(=t1) +ahy, ue M,

where a € [0, 1]. Let us check that the homotopy h; is admissible (the admissibility of
hy is obvious). Assume on the contrary that hy (o, u) = € for some u € M. Obviously
a#1. Ifu e M* then u = ¢1(¢ — a)/(1 — @). Now the definition of M* guarantees
e >« and since 0 < (e — a)/(1 — ) < 1 we see that u € D, a contradiction. If u € M~
then v = ¥y(e + a)/(1 — a) > 0 and the instability of zero implies u* > 0 for every
u* € w(u), which contradicts the fact that MT N M~ = @.

Consequently, M # M* U M~ and we can fix ugp € M \ (M*T U M~). Now every
u* € w(ug) is a nodal solution of (E)) satisfying u* £ w.

(b) Let D be defined as above. Let us show that there exists uy € 9D, uy < 1, lying
in the unstable manifold W}2. of the zero solution. In fact, since dim(W}3.) > 2, there
exists a continuous path v: [—1,1] — W2, \ {0} such that v(—1) < 0, v(1) > 0 and
(o) < for every a € [—1,1]. Since y(1) € D and y(—1) ¢ D, there exists o € [—1, 1]
such that ug := () € OD.

Now (similarly as in the proof of (a)) we see that the positive semiorbit O, (ug) is
global and bounded and w(ug) consists of nodal equilibria (due to vy < @ and 0 ¢ w(uy)).
Hence it is sufficient to choose u* € w(uy). O

Proposition 5.13. If g and h are odd in u then there is a sequence (u,) of nodal
equilibria such that ®(u,) — 0o as n — oo and such that u, = 0 for every n.

Proof. This can be proved in the same way as [1, Theorem 3.4]. There are two modi-
fications to be made: First, Y should be chosen as a subspace of H}(2") now so that
Lemma 5.4 can be used. Second, we do not assume (PS) for ® in the present setting.
It needs to be shown: If A is a subset of K and ®(A) is bounded then A is relatively
compact. But this follows here from Theorems 3.2 and 3.7, and from the compactness
of the semiflow. O

6. Multiple Equilibria in an Order Interval

In this section we are concerned with the semiflow ¢ induced on X by the general problem
(3.1) in the presence of an attracting order interval. Since we are only interested in the
dynamics in the order interval we will not need the a priori estimates and hence no
additional growth restrictions or structural conditions on f. More precisely, we assume:

f e Fs, f: 2 xR — R is differentiable in u, f, is a Carathéodory

(6.1) function, and f(z,u) — fu(x,0)u = o(|u|) as |u| — 0, uniformly in x.
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In particular, 0 is an equilibrium of ¢. We also assume that

there exist a strict subsolution u < 0 of (4.1) and a strict supersolution

(6.2) > 0 of (4.1) such that u,7 € X,

and we set C' = [u,u] C X. Then C is closed because u,u € X, and C' has nonempty
interior in X.

We define the energy functional ® as in Section 3, and we denote the set of nontrivial
critical points of ® by K. Denote also by 1(0) the Morse index of 0 with respect to ®.
We are interested in the case when

(6.3) 1(0) > 2.

It is easy to see that at a critical point u of ® the Morse index of u with respect to the
functional ® (the dimension of the negative eigenspace of ®”(u)) and the dimension of
the negative eigenspace of the linearization —A — f,(z,u(z)) of (4.1) at u are the same,
even though the negative eigenspaces need not coincide. The kernel of ®”(u) and of
—A — fu(x,u(x)) always coincide.

Throughout this section we require (6.1), (6.2) and (6.3) to hold. By e; we denote the
positive eigenfunction associated with the first eigenvalue of the operator —A — f,(z,0)
in Hj(Q2). Note that this eigenvalue is negative, hence the statement of Lemma 4.2 is
still valid. Therefore in the sequel we fix gy such that for all € € (0,¢0] the function ee;
is a strict subsolution and —ee; is a strict supersolution of the stationary equation (4.1).
This implies, as we have noted in Section 5, that every positive solution u of (4.1)
satisfies u > ggpeq, and that every negative solution u of (4.1) satisfies u < —ggpe;.

Recall the properties of the semiflow on the order interval C' = [u, 7] given by
Lemma 4.1. In particular ® is bounded below on C' and ¢! restricts to a global semiflow
on C (that is, ¢'(u) is defined for all ¢ > 0 if uw € C'). Lemma 4.1(b) implies that the
following compactness condition holds:

For every sequence (u,) in C and every sequence t, — oo of real

(6-4) numbers the set { ¢ (u,) : n € N} C C is relatively compact.

Moreover, Lemma 4.1(d) implies that if w € C' is an equilibrium of ¢ then u € intx C.
In particular, 0 € inty C' and hence W*"(0) C C.

For € € (0, 0] we introduce the order intervals C- := [gey, ] and CC = [u, —eeq],
considered as subsets of X. By Lemma 4.1 they are strictly positive invariant. Let
S* := inv(C%) be the maximal invariant set. These sets are compact as a consequence of
(6.4), and they are not empty because they contain local minimizers u; € S*, us € S™.
Observe also that there are connecting orbits from 0 to ST and S~. More precisely
W*(0) N PyX # &, and for u € W*(0) N Py X we have w(u) C S*. Similarly, W*(0) N
(=PoX) # @ and w(u) C S~ for u € W(0) N (=P X).

In the sequel we will only consider the restriction of ¢ to C. In particular, for a
closed subset of C' the corresponding set of attraction is taken in C. We want to show
that there are at least two nodal stationary solutions in C, that is, stationary solutions
ug,ug € C ~ (PX U (—=PX)), and we want to find connecting orbits between these
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solutions and 0, S*, S~. To this end, define A(S*) and d.A(S*) as in Section 2.1, but
here for the restriction of ¢ to C'. Hence 0.A(S*) denotes the boundary of A(S*) relative
to C. Observe that

(6.5) (FPX NCO) ~ {0} C A(SH) and  0€JA(ST)NIOA(ST).
Note moreover that
(6.6) A(S%) is open in C and 0.A(SF) C O~ A(S*) .

We show this for A(S™): Since A(S™) is a neighborhood of S* by (6.5) A(S™) is open
in C. Now suppose that u € JA(ST). Clearly A(ST) N (u —PX) = & since otherwise
Ol(u) € (PXNC) {0} C A(ST) for large t. If u € inty C there is

(un) Cintx(u—PX)NC C C N A(ST)

such that u, — u as n — oo. If u € dxC then p'(u) € intxy CNIA(ST) for t > 0. As
above for every ¢t > 0 there exists a sequence

(u,) Cintx(p'(u) —PX)NC CC N A(ST)

such that u, — ¢'(u) as n — oo. From this we can build (u,) C C ~\ A(S*) such that
Uy, — U.

Lemma 6.1. 9W"(0) N 0A(S*) # @.

Proof. This can be proved with similar arguments as those used already in the proof
of Proposition 5.12. Only note that instead of assuming the a priori estimates from
Section 3 here compactness follows since we are working inside the order interval C'. [

Applying the compactness condition (6.4) once more and using the fact that 91" (0)
and OA(S*) are positive invariant we may minimize ® on each of the four sets .A4(S*),
DA(ST) N W™ (0) and obtain equilibria in .A(S*) and d.A(ST) NOW™(0). Since every
equilibrium in OW"(0) has negative energy, these minimizers are nontrivial, and by (6.5)
they are also nodal. However, they may coincide.

Remark 6.2. Let uz be a (local) minimizer of ® on 0.A(S™) which is also an isolated
equilibrium. We shall show that A\ (—A— f,(x,u3)) <0 < Ay(—A— fu(x,u3)). First note
that us € intx C. We claim that there exists § > 0 such that Bs(u3)N0A(ST) C W(us).
Here Bs(us) := {u : |Ju — us|| < d} and a center-stable manifold W (u3) is defined as
in [12]. (The construction in [12] yields a center-stable manifold in W4 which we may
intersect with X to have a center-stable manifold in X.) In order to see this choose p > 0
so that there are no other equilibria in B,(u3) except uz, and so that ¢'(u) leaves B,(u3)
in positive time for every u € B,(u3)\W®(u3) . This is property (P3) of the center-stable
manifold from [12]. Assume by contradiction that there exists v, € 0A(ST) \ W (u3)
with v, — ug as n — oo. Then there exists t,, > 0 with || (v,) — us|] = p. Clearly
lim ®(o"(v,)) = lim ®(v,) = ®(u3)

n—oo n—oo
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because ug is a minimizer of ® on J.A(S™) and because 0.A(S™) is positive invariant. Con-
sequently there exists s, € [0,t,] with ||¢*" (v,,) —us]| € [p/2, p] and LP(' (vy,))|i=s, — O.
This implies s, — oo and ¢**(v,) — v along a subsequence by (6.4). It follows that v
is an equilibrium and ||jv — ug|| € [p/2, p], contradicting the choice of p.

Next we claim that the Morse index of ug is at most 1. In order to see this suppose
that W (u3) has codimension at least 2. Using (6.6) it follows that there exists a path
v: [0,1] — Bs(ug) ~ WS(usz) with v(0) € A(S™) and (1) ¢ A(S*). Hence there is
s > 0 with v(s) € Bs(uz) N OA(ST) C W(us), a contradiction.

It is not possible that us is a strict local minimum for . Assume to the contrary
that there exists 0 > 0 with ®(u) > ®(u3) for u € Bs(ug) ~ {uz}. We assume that
Bs(us) NST = @ and choose a sequence v, € Bs/s(uz) N A(ST) converging towards us.
From v, € A(S™) it follows that there exist ¢, > 0 with ||p' (v,) — us|]| = /2. Clearly
t, — oo because v, — usz, and uz is an equilibrium. By (6.4) we may assume that
o' (v,) — v € Bs(ug) N~ {us} and ®(v) < liminf, . ®(v,) = P(u3), a contradiction.

Thus we have shown that A\j(—A — fu(z,u3)) <0 < Ag(—A — fu(z,u3)). Generically
ug is nondegenerate, hence a critical point of mountain pass type.

From now on we assume that there are only finitely many nodal equilibria in C.

Proposition 6.3. If there are only finitely many nodal equilibria in C' then there exists
a nodal equilibrium ug € C' of mountain pass type and satisfying

max{ min ®(S*), min®(S7) } < B(uz) <0 = &(0) .

Recall that a critical point ug of ® is of mountain pass type if for every small open
neighborhood U of ug the set &N U \ {up}, ¢ = P(up), is not path-connected. This
notion has been introduced in [26].

The proof of Proposition 6.3 and the existence of a second nodal equilibrium u, € C'is
based on Morse theoretic arguments. This allows for weaker hypotheses and yields more
information on the solutions than if working with degree theory; see Remarks 6.5 and
6.6. Let H, denote singular homology theory with coefficients in the field Fy = {0,1}.
In fact, other homology or cohomology theories will work as well. For an isolated critical
point ug of ®: E — R with ¢ := ®(ug) the critical groups are defined by

Ck(q),’u,o) = Hk<q)c, LN {UO}) y ke Z.

These are in fact Fo-vector spaces. Here ®°¢ is considered as a subset of E. As a
consequence of a result of Palais [37, Corollary to Thm. 12] there also holds Cg(®, ug) =
Hip (9N X, PN X ~{up}). Due to the excision property of homology we have Ci (P, ug) =
Hp (PN U, &N U N {up}) for every neighborhood U of uy in E or in X; for instance,
we may take U = C. By [43, Thm. II1.4.8] the critical groups are isomorphic to the
homology of the Conley index C({ug}) of {uo}, considered as isolated invariant set of
the parabolic semiflow:

Cre(®,u0) = Hp(C({uo})).
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Proof of Proposition 6.3. We fix ¢ € (0,g¢], so C = [geq,u] C C and Co = [u, —ee;] C
C' are strictly positive invariant. For ¢ € R we set ®F := {u € C: ®(u) < ¢} C C and
A¢ = ®LUCTUCT. For ¢ < inf ®(C') we have Hy(A®) = Fy @ Fy because A° = CHUCT
is the disjoint union of two convex sets. Since the Morse index of 0 is at least 2 there
exists a path v: [-1,1] — W*(0) \ {0} C C with y(x1) € C¥. For ¢ > max_1 ;P o~y
the inclusion

i CrUCT s A

induces a homomorphism

with ker ¢ # {0}. Fixing an isomorphism Hy(CHUC) = Fy @ Fy we may assume that
ker(i¢) is generated by the element o € Hy(CHUC) corresponding to (1,—1) € Fo®Fs.
Now we define

c3 = inf{c € R:i{(a) =0} =sup{c € R:i{(a) # 0}.

Clearly ¢3 < max ® oy < 0. Moreover, ¢z > inf ®(C™) because for ¢ < inf ®(C™") the set
A¢ =@ UCT UCT is the disjoint union of the closed subsets C and ®¢ U C-. Hence
CH and Cr lie in different connected components of A¢, so ker(i¢) = {0}. Analogously
one sees that ¢; > inf (C7).

Next we claim that Hy (A% A%9) #£ {0} for § > 0 small. Consider the commuta-
tive diagram:

.cq—40
o1 N

Hy(A%=5,0F U o) —2 Hy(CHUuOs) s Hy(Aw9)

l J« l

.cq+6
Ex Bt

Hi(A%H CHUOT) —2— Hy(CHUC:) “— Hy(A®9)

Js

Hl (A03+5’ A63—5>

Since i%79(a) = 0 there exists 3 € H (A%, CF U Co) with d5(8) = a by exactness of
the second row. Then j;(3) # 0 because otherwise there exists v € H (A%~ CF U L)
with i,(y) = [; here we used the exactness of the first column. This yields 0;(y) = «
and therefore i%°(a) = i%7° 0 9;() = 0, contradicting the definition of cs.

It follows that c3 is a critical value of ®|c, so there exists an equilibrium in C' at the
energy level c¢3. In order to see that there exists a nodal equilibrium us € C' of mountain
pass type with ®(u3) = ¢3 we choose 6 > 0 so that there are no nodal equilibria u € C'
with ®(u) € [c3 — 0,3 + 0] \ {c3}. Let K denote the finite set of nodal equilibria u € C
with ®(u) = c3. Then K equals the set of equilibria in A%+ < A%~% because all signed
equilibria from C' are contained in CF U C-. Moreover, the pair (A%+° A%9) is an
index pair for K in the sense of [43], and H,(A%%9 A%7%) is the homological Conley
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index of K. Theorem 1.10.4 of [43] yields

{0} # Hy(4, 470 = ) H (C({u}))

ueK

Consequently there exists an equilibrium wuz € K with nontrivial critical group
H1<(I)C3, P {Ud}) = Hl((b0037(p%3 AN {Ud}) = Hl(C({Ud})) 7£ {0} Now [9, Prop. 33]
states that ug is of mountain pass type. O

Proposition 6.4. Suppose that C,(®,0) # 0 for some p > 2, and that there are only
finitely many nodal equilibria in C. Then there exists a nodal equilibrium uy € C with
uy # us, and one of the following holds:

(1) ®(usg) <0 and Cp,—1(P,uy) # {0}.
(11) ®(uy) >0 and C,11(P, uq) # {0}.

Remark 6.5. In Proposition 6.4 the origin may be a degenerate equilibrium and may
even have trivial local degree. Recall that the local degree deg(V®,0) is related to the

critical groups via
oo

deg(V®,0) = Y _(—1)* dim C(®, 0)
k=0

A proof of this can be found in [17, Theorem I1.3.2]. The formula holds for V®: F — E
and the critical groups defined in E. (However, since V®(u) = u — (—=A)7(f(.,u))
we may also work in X.) If 0 is a nondegenerate equilibrium with Morse index p then
C(2,0) = TF,.
Remark 6.6. The additional information on the critical groups obtained via our Morse
theoretic arguments gives estimates on the index and on the nullity of the solutions. If
i(ug) denotes the Morse index of uy and v(uy) = dimker(—A — f,(x,uy)) its nullity
then the Shifting Theorem 1.5.4 from [17] yields p(uy) < p— 1 < p(uy) + v(uy) in case
(i) and p(ug) < p+1 < p(uq) + v(uq) in case (ii).
Remark 6.7. Suppose that 0 is a nondegenerate equilibrium with Morse index p. Then
the existence of uy # uz with C,,_1(®,uy) # {0} or Cpi1(P,uy) # {0} follows easily
from the Morse relations [43, Thm. II1.3.5]. In order to see this let E,, be the finite set
of all nodal equilibria, different from w3 (and 0). There exists a polynomial Q(¢) with
nonnegative integer coefficients so that

P(t,S*)+ P(t,57) + P(t, {us}) + P(t.{0}) + > _ P(t.{u})

NSy

= P(t,5) + (1+ Q).

Here P(t, M) is the Morse polynomial of the isolated invariant set M, and S := inv C
is the maximal invariant set contained in C. An index pair for ST is (CF, @), so the
homology Conley index of ST is Hi(C(S™)) = 0xoF2. This yields P(t,ST) = 1. For the
same reasons we have P(t,S7) = P(t,5) = 1. Since ug is of mountain pass type [9,

44



Prop. 3.3] implies Hg(C({us})) = Hp (P, &3 \ {us}) = 01 Fo, where ¢5 = ®(u3). Thus
we have P(t,{us}) = t. Finally, P(¢,{0}) = t* by [43, Thm. II1.3.5] because 0 is a
nondegenerate equilibrium with index p. Thus we have

L+ 14t+t"+ ) Pt {u}) =1+ (L+1)Q(1).

ucek,

This can only hold if Q(t) = Y. ;_,axt” satisfies a, # 0 or a,—1 # 0. If a, # 0
then there exists uy € E, so that P(f,{us}) has a nontrivial summand ¢**!  hence
Crs1(P,uqg) = Hyy1(C(ug)) # {0}. Similarly, if a,—1 # 0 there exists uqy € E, with
CM,1(®, 'LL4> 7& {O}

Proof of Proposition 6.4. As in the proof of Proposition 6.3 we set A° = ®UCTUCT for
¢ € R. Let K denote the finite set of equilibria v € O\ (CFUCC) with ®(u) = ®(0) = 0.
Then we have for §; > 0 small:

H, (A", A7) = (D) Hu(C({u})) D Hu(C({0})) = Cu(®,0) # 0.

ueKy

Let ap € H, (A%, A=%) be a nontrivial element of the summand H,(C({0})). We con-
sider the exact sequence of the pair (A%, A=%):

o Hy(A) 5 H (A% A B H, (A —

Case 1. 9y(ap) = 0. Then there exists By € H,(A%) with i.(3y) = ag. For ¢ > §y, let
j¢ 1 A% — A¢ denote the inclusion. For ¢ large enough we have j¢(3,) = 0 € H,(A°). In
fact, choose B C A% compact so that 3y lies in the image of H,(B) — H,(A%). Then
J(Bo) = 0 for every ¢ > max ®(conv B), conv B C C' the convex hull.

Now we define

cq :=sup{c > 01 : j(Bo) # 0} = inf{c > d; : 75(0By) = 0}.
It follows easily that for 6o > 0 small
Hy (A5, 4750 2 {0)

which yields as in the proof of Proposition 6.3 a nodal equilibrium wu, with ®(uy) = ¢4 >
01 > 0 and Cpyq (P, uy) # {0}.

Case 2.  Oy(ap) #0. Let iy : A= — (A% CF U C-) be the inclusion. Since pu > 2
and CF U CC is the disjoint union of two closed convex sets, we have i1, 0 Jp(c) # 0 in
H, (A=, CUCC). This follows from Hy(C-UCZ) = 0 for k > 1 and the long exact
sequence of the pair (A~%, CHUCo).

For ¢ < —6; let j¢: (A=, CFUCT) — (A%, A°) be the inclusion. Now we define

cy = inf{c < =81 : jS(i1. 0 o)) = 0}
= sup{c < =9y : j5(114 0 () # 0}.
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Observe that j=°1 (i1, 0 dy(ag)) = 0 and j<(i1. 0 () # 0 for ¢ < inf ®(C), s0 ¢4 €
[inf &(C), —,]. Let

he: H, (A5, CTUCT) — H, (A, CrucCo)

be induced by the inclusion. By the definition of ¢4, for d > 0 small i1, 0 Jp(cg) =
héito2(3y) for some [y € H,—1(A“2, CFUCT) but i1, 0 dy(g) does not lie in the image
of h“t=%2, Therefore 3, does not lie in the image of

H

I

(A2 CRUCT) — H, (AT 0P uCD),

hence 0 # j.(fo) € H, 1(A%"%2 A%=%2)  Here we have denoted the inclusion
g (Aat2 CH U Co) — (A9t Ac=%)  Ag before there exists a nodal equilibrium
uy € C with ®(ug) = ¢4 < =01 <0 and C,_1(P,uq) # {0}.

This proves Proposition 6.4 if © > 2. In the case p = 2 it might be possible that
uy = ug and ¢4 = P(uy) = P(uz) = c3. If that happens to be the case we show now
that there exists another nodal equilibrium ) € C with ®(u}) < ¢4 = ¢3. In fact,
recall from the proof of Proposition 6.3 that there exists 3 € Hy (A% C+H U C-) with
Ds(B) # 0 € Ho(CHUCT) and j,(B) # 0 € Hy(A%+° A%=%) § > 0 small. We may
assume that 6 = 0 and c3 + 0 < —d; by choosing 4, §; and &5 small enough. Let
O3 Hi (A=, CHUCT) — Hy(CHUCT) be the boundary operator in the exact sequence
of the pair (A=%, O+ U CZ). Then we have 0, = 93 o h**_ hence

92(B0) = 93 0 h3T2(By) = B3 0 iy, 0 Do) = 0

because 03 o i1, = 0 by exactness. It follows that Gy # .

Recall that in an Fo-vector space Y two elements x,y € Y\ {0} are linearly dependent
if and only if z = y. If 5,(8) # 0 and ji(Bo) # j1(B) then dim H; (A% A%=9) > 2. If
ug would be the only nodal equilibrium with ®(u3) = ¢3 we would have

Hl (ACB+67 A03—5) = C(1 ((D7 Ug) = ]F27

a contradiction. It remains to consider the case that j;(5y) = 0 or j1 (6 — 5y) = 0. Then
the exact sequence

H (A%, CHUCD) — Hy(A™,CHUCo) 25 Hy (A9, A%0)
shows that there exists vo # 0 € H,(A%° CF U ). Now we define
¢p:=inf{ceR: H1(A°,C.UCT) #0} < c3

and conclude as usual that there exists a nodal equilibrium v} € C' with ®(u}) = ¢} and

Remark 6.8. The dynamics of the invariant set S = inv C can be described in detail if
there are no other nodal equilibria in C' except usz,uy. Suppose that ®(uy) > 0. First
of all, uz is of mountain pass type and lies in .A(ST) NIA(S™) NOW™(0). There exist
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connecting orbits from 0 to usz, from us to ST, and from wuz to S~. The unstable set
W™(0) contains the relatively open subsets

W0) = {u € W*(0) : ¢'(u) € CF for t > 0 large}
which are separated by
WH(0) ~ (WE(0) uW2(0)) = {0} U (W"(0) N W*(us)).

If 0 is nondegenerate with Morse index p > 2 then the set of connecting orbits from 0 to
ug has (covering) dimension at least u—1 because it separates the sets W*(0)N.A(S™) and
W*(0) N .A(S™) which are open subsets of W*(0). There exists a connecting orbit from
uy to 0. If the semiflow is Morse-Smale then there exists an odd number of connecting
orbits. In any case, the complement

Wi(ug) = W' (ug) ~ W3(0)

of the set of connecting orbits from u4 to 0 is a relatively open subset of W"(uy). It
contains the two disjoint sets

Wi (uy) = {u € W"(uy) : ¢'(u) € C* for t > 0 large }

which are separated by the set W"(uy) N W?*(u3) of connecting orbits from uy to uz. In
particular, this set is nonempty and has dimension dim(W"(uy) N W?3(u3)) > p if uy is
nondegenerate. If the flow is Morse-Smale then this dimension is equal to p.

Up to now we proved that at least four nontrivial stationary solutions of (3.1) exist
in the order interval C'. In the following proposition we prove that if f is odd in u there
may exist even more nodal equilibria in C. In this case we can assume that u = —u, so

C = —C. We also have
Vug € C,VE >0 1 ' (—ug) = —¢' (o),  Wig(0) = =W (0).
and P": W (0) — E" is odd. Here P" is defined as in the proof of Proposition 5.7.

Proposition 6.9. Suppose that f is odd in u. Then there exist 2(u(0) — 1) nodal
equilibria w;, i = £2, ..., £p(0) in w(WE.(0)). In addition, 0 = u;, i = £2,...,+p(0).

Proof. First of all we observe that there exists p > 0 such that for V, :== {u € E :
|P'ullx < p}, V, N WE.(0) is X-homeomorphic under P" to {u € E" : |lul| < p}.
Clearly, all solutions starting from 0V, N W2 (0) are global because 0V, N Wi (0) C C.

Due to the compactness of the semiflow generated by (3.1) (see Lemma 4.1(b)) the
w-limit set w(u) of u € IV,NW3.(0) is a nonempty compact and connected set consisting
of equilibria. The sets

M, = {uedV,nWp.(0):u* >0 for every u* € w(ug)}, M_;:=—M
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are relatively open nonempty subsets of OV, N W2 (0). As already mentioned in the
proof of Proposition 5.12 the word “every” may be replaced by the word “some” in the
definition of M;.

Let us now assume:

there are only finitely many pairs of nodal equilibria u; in [ J{w(u) :

67 eV, AW ()} c O (0), i = +2,...,+m, m € N.

Define
M; :={uedV,nWp.(0):wu) ={u}}, i==x2,...,£m.
These sets satisfy

U u—My) =0V, nWE(0), M_j=-M,;, i=2,... m.

=1

Since u; is an isolated equilibrium and ®(u;) = ®(u_;) for i = +2,..., £m, it follows
that o

A proof can be found in [41, Proof of Theorem 3.1], for instance. Setting

1 N
N; =0V, N Wy .(0)N U {y:|y—x|<§dist(x,M_i)} i=2,...,m,

xeM;

we therefore have an open covering

OV, "W (0) = My U (=My) U J(N; U —N;)

1=2

with My N —M; =@, N;N—N; = @ for i = 2,..., m. Now we define

. Pu<Ml), Z: 17
PN, i=2,...,m,

and S,E" := {u € E" : ||u|| = p}. The sets O; C S,E" are open, O; N —0; = @ and
S,E" = J:~,(0; U—=0;) because P": 9V, N W (0) — S,E" is a homeomorphism. It is
easy to find a closed covering | J;*,(K; U —K;) = S,E", K; C O;, i = 1,...,m, hence
m > dim(E") > u(0) (cf. [27, Theorem 11.2.7]).

The existence of connecting orbits from 0 to u; follows since u; € w(u) for some v in
V, N W2,(0) by (6.7). =

A. Backward Uniqueness of the Adjoint Equation

Theorem A.l. Let Q be a smoothly bounded domain in RY. Assume that f: Q@ x R —
R is a Carathéodory function, f(-,0) € L*(Q2), the function f(x,-) is continuously
differentiable for a.e. x € Q and the derivative satisfies the growth condition

|fulz,u)] < C(L+ [u”™)
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for some p < ps. Let ¢ denote the semiflow in H () generated by the problem

u — Au = f(x,u), x€Q, t>0,
(A.1) u=0, x €09, t>0,
u(z,0) = ug(x), x € S

Assume that (A.1) possesses a (strong) solution on the time interval [0,T]. Then
ol H} () — H}(Q) is differentiable at uy and its derivative

Dy" (uo) € L(Hy (%), Hy(2))
has dense range.

Proof. The differentiability of ¢” is well known; we will just prove the density assertion.
Step 1. Let u € C([0,T], H}(Q)) be the solution of (A.1). It then holds that

u e C(0,7],C(2)). We will show
(A.2) lulP~t € L*((0,T),L*(Q2)) for some p > N.

Due to u € L*((0,T), H}(£2)) this assertion is obvious for N < 2 or p < N/(N — 2).
Hence we may assume N > 2 and p > N/(N — 2).

Let A denote the isomorphism A: H}(Q2) — H () : u — —Au. Observe that the
Nemytskii mapping f#: H} () — H7(Q) : v — f(-,v) is locally Lipschitz continuous
for suitable ¢ > 0 small. Consequently, there exists T, > 0 small such that for all
to € [0,Tp], the restriction of the solution u to the interval [tg,to + Tp] can be obtained
as a limit of uy € C([tg, to + To), HL(Q)), where

t
uo(t) == e_(t_tO)Au(to), U1 () == 6_(t_t°)Au(t0) +/ e_(t_T)Af(-,uk(T)) dr.

to

Set 2* := 2N/(N — 2). Since p < ps, there exists r > N(p — 1) such that

__N(l 1>< 1
T\ T S p oy

Choose 2* =rg <1y <19 < --- <71, = r such that the numbers

N/ 1 1 N —1
ozi::—< ——), i=1,2,....k B=—=-L"2 j=012...k
2 Ti—1 T 2 T’j

satisfy
a;p < 1, Oél<p—1)+ﬁz<1, i:1,2,...,k

(notice that such choice is possible due to 3; < Gy < 1). Fix ¢, € (0,7p) small and set
tj=jti/k, 5 =0,1,2,... k. Given

IS Loo((t(]’tl)7 Lm(Q)) N Li)(fc((to, tl)v L (Q))7
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set
[0llrori00 = sup ([[0()l|zro + (= to)** [0(t)]|Lr).

tE(to,tl)

Set My := 4jug|| ;2. We will show that

(A.3) ||uk5||7’077’17041 <M,

for all k if t, = t,.(M;) is small enough.
The assertion follows easily from the LP — L9 estimates if £ = 0. Next assume that
(A.3) is true for some k > 0. Then

(t = to)™ lursa (B) |l ra < Jlulto)llzro + (¢ = to)‘“/ (t =) S Cun(T)) e dr

to

< M4+ Ot — to)™ / (t = 7)1+ lu() 2 ) dr

to

t
< My /4 + Ot — to)™ / (t— 7)1 (1 + (1 — to)" P MP) dr < M, /2

to
and

[k 2 () ro < [ulto) ]| ro +/ (t =) NS Cu() ] rosw dr

to

< Mji+C / (t = 7)1 + g (7)o dr

to
t

< M1/4+C/ (t—T>760<1+M{)>dT<M1/2
to

for all ¢ € (to, 1) if ¢, is small enough, hence (A.3) is true for ug, 1.

Passing to the limit as & — oo in (A.3) we see that u satisfies the same estimate.
Since u € C((0,7T],C(Q)) we have ||u(t))||rn < My(t; — to)~*'. Replacing to,t1, 70,71,
Oél,ﬁl,Ml with tl,tQ,Tl,TQ,O[Q,ﬁQ and M2 = 4M1(t1 — t(])_al we obtain ||U(t2)HLT2 S
Ms(ty — t1)~*2. Repeating this consideration we get |[u(t.)| - < Ct;« for all ¢, small
enough, where C' does not depend on t,. Consequently, choosing p := r/(p — 1) and
observing that 2a(p — 1) < 1 we obtain (A.2).

Step 2. Let fi(t) := fu(-,u(-t), vo € HYQ) and v € C([0,T], H}(2)) be the
(strong) solution of the problem

v+ Av = fi(t)v(t), t e (0,17,
v(0) = vy.

Assume on the contrary that R := {v(T) : vy € Hj(2)} is not dense in Hj(2). Then
there exists Zy € Hj(Q2) \ {0} such that [, VZ - Vwdz = 0 for all w € R, hence

(A.4) (z0,w) =0, weER,

where zy := AZy € H~ () and by (-, -) we denote both the scalar product in L*(2) and
the duality pairing between H'(Q2) and H} ().
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In Step 3 below we show that there exists a (strong) solution
2 € C([0,T), H~(Q)) N C((0,T], Hy(2)

of

(A5) { st Az = (T = 5)x(s), s (0.T),

2(0) = 2.
Due to the Sobolev maximal regularity, we have

v,z € WE((0,T), L*(Q)) N L2 .((0,T), H*(Q)).

loc loc

Since the function fy: (0,7) — L*(Q) : s — fi(T — s)z(s) is continuous, [4, Theo-
rem 11.1.2.2] implies

(A.6) z€ C((0,T), H*=(Q) N C'((0,T), H=(Q))

for all € > 0.
Set y(t) := z(T —t). Then y solves

y — Ay =—filt)y(t), tel[0,T),
y(T) = 20,

and

d

), y(1) = (v,9) + (v,0) = (—Av+ fro,y) + (0, Ay = fiy) =0 ace.

Since t — (v(t),y(t)) is absolutely continuous, using (A.4) we obtain

(vo, 2(T)) = (v(0),y(0)) = (v(T), y(T)) = (v(T), 20) = 0

for all vy € HJ(2), hence 2(T) = 0. Since zy # 0, there exists sy > 0 small such that
2(s0) # 0, 2(s0) € Hy(Q). Now we obtain a contradiction from the backward uniqueness
for the equation (A.5) on [sg,T) using (A.6) and [1, Lemma A.16] with X, = H¢(Q),
X, = H*#(Q) N Hj (), ¢ > 0 small. Notice that the assumptions of that lemma are
satisfied since (A.2) implies f; € L2*((0,7T), L(2)) for some p > N and there exists
q < 2% such that

1/1(T = s)z(s)llxo < CIAUT = 5)2(5) |22 < ClAT = )l zell2(5)]| o
< CIAT = 8)llzellz(8)llx,

if € is small enough.

Step 3. It remains to prove the solvability of (A.5). In the proof we will use a
(nonlinear) fixed point argument based on similar estimates as in the proof of (A.2)
(cf. also [7,15,44]). Let us mention that the solvability can also be obtained by “linear
methods”, cf. the proof of [6, Lemma 5.1]
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First let us prove the existence of a local solution z € Z := C([0, so], H () N
C((0,s0], HX(S2)) satisfying

lallz = sup ((s)lns + 520 + sl(5) ) < o0
s<80

It is known that there exists C'4 > 1 such that

le™* 4wl < Camin{flw] gy, s~ *[wllzz, s~ w1},
(AT) le™*w|z2 < Camin{|Jwlzz, s™|wl| -1},
le™* 4wl -1 < Callw]|m-1.

Let By :={z€ Z :||z]|z < M}, where M = 6C4||z0||g-1. Given z € By, define
(G2)(s) == e ™2 + / e~ TIALN(T — 1)2(7) dr,
0
Notice that || f1(T — 7)||r < Cf < oo for 7 € [0, so]. Therefore, given z € By, we have
le™ =AU = 7)2(7) ||y < Cals — 1) 2 fi(T — 7)2(7)| 2
< CaCi(s — 1) V2 2(1) |12 < CaCsM (s — 7)1 2771/2
and
le™ AT = 7)2() |- < lle”CPAUT — 7)2(7) 12
< Ol AT = 1)2(7) |22 < CaCy||2(7) |12 < CaCyMT2,

Using these estimates and (A.7) it is easy to see that G: By, — By is a contraction (if
Sp is small enough) and its unique fixed point is the desired solution.

The existence of a prolongation z € C([sg, T], H3(€2)) follows from the fact that the
linear mapping

Hy(Q) — H5(Q) : 2(s) = fi(T = 5)2(s)

is continuous for suitable ¢ > 0, uniformly for s € [sg,T]. This is due to the fact that
f1 € C(0,T],L"(R2)) for some r > N/2. O
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