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Abstract

We consider the singularly perturbed semilinear parabolic problem u; — d>Au +
u = f(u) with homogeneous Neumann boundary conditions on a smoothly
bounded domain Q C RY. Here f is superlinear at 0 and +oco and has subcritical
growth. For small d > 0 we construct a compact connected invariant set X  in the
boundary of the domain of attraction of the asymptotically stable equilibrium 0.
The main features of X  are that it consists of positive functions that are pairwise
non-comparable, and that its topology is at least as rich as the topology of 0f2 in
a certain sense. If the number of equilibria in X} is finite this implies the existence
of connecting orbits within X, that are not a consequence of a well known result
by Matano.

1. Introduction

For N > 2, a bounded domain 2 C R with smooth boundary, a small positive param-
eter d and a continuously differentiable map f: R — R we consider the dynamics of the
parabolic boundary value problem

(P.) { uy — d*Au+u = f(u) in €,

o,u=20 on 0f).

Here 0,u denotes the derivative of u with respect to the outer normal of 0f2, u; denotes
the time derivative, and Awu the x-Laplacian of u, as usual. We assume that f has
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superlinear but subcritical growth at 0 and +oo. This problem is well posed for initial
data in F := H'(Q) and induces a (local) continuous semiflow ¢4z on E. We are only
interested in nonnegative solutions and set E* := {u € F | u > 0 a.e.}. As a consequence
of the parabolic maximum principle £ is positive invariant under .

The corresponding stationary problem

E
(Ea) d,u=0 on 0f)

{ —d*Au+u = f(u) in Q,
has been the object of study for many authors. Usually it is treated as a variational
problem. Denoting F'(u) := [’ f(s)ds, the variational functional is defined on E by

1
Ja(u) == = /(d2|Vu|2 +u?) dw — / F(u)dz .
2 Ja Q
It is well known that J, presents a strict Lyapunov function for ¢4. Since f(u) = o(u)
as u — 0, 0 is an asymptotically stable equilibrium of 4. The domain of attraction of
0,
Aj={ueE|o)(u) - 0ast— 0},

is an open neighborhood of 0 and its boundary 0.4, is a closed subset of E. Clearly Ay,
Al = A;N EY, 0A; and A} := 0A; N ET are positive invariant. It was first shown
by Polécik [20] that the boundary d.AY is a Lipschitz submanifold of codimension 1.
Assuming condition (F5) below Lazzo and Schmidt [13] proved that a semiorbit starting
at u € ET ~ A} blows up in finite time. Hence O.A] separates the blow up solutions in
E™ from those converging to 0. This blow up phenomenon has been widely studied in
recent years; see e.g. [7,8] and the references therein. The present paper is a contribution
to the dynamics on the separatrix A . General results about the flow in A, which hold
for arbitrary d > 0 can be found in our recent papers [2,3].
We denote by
Ki={ueFE|J(u=0 u>0}

the set of positive equilibria of ¢;. Under the hypotheses stated below Iy is not empty,
Kq C 8./4}, and J; achieves a positive minimum ay4 on 8./4:{, necessarily at an element
of K4. Note that limg g agd ™™ > 0 is well defined (cf. [1,19]). Fixing some small ¢ > 0
which will be determined later, and letting d — 0 we focus on the dynamics in d.A;
with energy below

(1.1) Cq = ag + €od”.

We write JS := {u € E | Jy(u) < ¢} for the sublevel sets as usual and call the equilibria
in 4N J3* low-energy equilibria.

In order to state our result, we set ps = (N 4+ 2)/(IN —2) for N > 3 and ps = oo for
N =2, and we assume the following hypotheses:

(F1) f e CYR,R),



(F2) f(0) = f'(0) =0,
(F3) there are p € (1,ps) and a; > 0 such that |f/'(u)| < a;(JulP~' + 1) for all u € R.

As a consequence of these conditions, (Py) defines a continuous semiflow ¢, on E =
H'(Q) as described above. We are interested in the flow in A}. Therefore, values of f
in (—o0,0) can be prescribed at will, and we may assume f to be odd. We require three
additional hypotheses on f:

(F4) There are § > 2 and as > 0 such that f(u)u > 6F(u) — as for all u > 0.

(F5) Either f'(u)u > f(u) for all u > 0, or there is u > 1 such that f'(u)u > pf(u) for
all u > 0, and f(u) is positive if u > 0 is large enough.

(F6) For fixed d > 0 the following hold: Every semiorbit starting in A_j exists for

all time. If A is a relatively compact subset of .A_} then (J,5 ¢4(A) is relatively
compact.

Note that the first alternative in (F5) implies that f(u)/u is strictly increasing in u > 0,
hence f(u) > 0 for all u > 0. The second alternative in (F5) allows for f(u) to be negative
for a bounded range of u. Finally, as in [2] the compactness of ¢, and [21, Theorem 3.1]
imply that (F6) follows from (F1)—-(F5) if we assume the existence of ag,ay > 0 and
r € (0,p] such that r is close to p and

(1.2) flu) > azu” —ay

for u > 0.

As a standard example, suppose that n € N, 1 < p; < ps < -+ < p, < ps, and b, € R
(k=1,2,...,n). If for some ky € {1,2,...,n} it holds that by < 0 for k < k¢ and
br > 0 for k > kg, then (F1)—(F6) apply to f given by

fu) = Zbkupk for u > 0.
k=1

In particular, (F3) is satisfied with p = p,, (F4) is satisfied with 6 = pg, + 1, the second
alternative of (F5) is satisfied with u = py,, and (1.2) is satisfied with r = p = p,,. As
noted above, together with (F1) and (F2) this implies (F6).

The topology of 0f2 plays an important role for the number and location of low energy
equilibria. In order to describe this we denote the barycenter of u € L?(Q) \ {0} with
respect to the L?>-norm |. |, by

1 2[13 i
80) = / ju() P de

Given r > 0 then f(u) € U,(09) for any u € Ky N J3* if d is small enough, and #(K; N
J3*) > cat 0. Here cat denotes the Lusternik-Schnirelmann category of a topological
space. Similar and more refined results can be found in [1] where the barycenter with
respect to the H'-norm was considered. Our main theorem shows that the dynamics of
the parabolic semiflow (P,) is also strongly influenced by the topology of 0f2.



Theorem 1.1. Assume (F1) - (F5) hold. Let C' be a connected component of 02 and fix
r > 0. Then there is dy > 0 such that for d € (0,dy) there exists a set Xq C OAT N J§?
with the following properties:

(1) Xg is compact, connected and invariant under pq. The restriction of ¢q to X4 is

a global flow and Xy consists entirely of positive functions in C(£2).
(i) B(u) € U.(C) := {z € RN | dist(z,C) <1} foru € Xy.
(ili) cat(Xy) > cat(C), where cat(X,) is defined via open coverings.

(iv) H*(C) is a direct summand of H*(Xq), where H* denotes Alezander-Spanier or
Cech cohomology with any coefficients.

(v) dim X4y > N — 1, where dim denotes covering dimension.

(vi) Xy contains at least k := cat(Xy) equilibria. If Xy contains only finitely many
equilibria then it contains k equilibria uy, ..., u, and connecting orbits from u;iq
touj, j=1,...,k—1.

Remarks 1.2. (a) The statements Theorem 1.1(iii), (iv) can be interpreted as saying
that X is topologically at least as complicated as C. Motivated by the relation be-
tween critical points of the mean curvature function H: 0{2 — R and the barycenter
and maximum points of low energy equilibria (cf. [5,11,15,19,24]) we expect that
the parabolic flow in X, is closely related to the flow on C' C 9f) generated by VH.
In fact, generically we expect that X, is a manifold diffeomorphic to C' and that
the two flows are flow equivalent.

(b) Throughout this paper cat denotes the Lusternik-Schnirelmann category defined
via open coverings (see Section 3). This is not essential for manifolds or absolute
neighborhood retracts (ANRs) but it does make a difference here. In particular, X,
may not be an ANR in general.

(¢) Imposing homogeneous Dirichlet boundary conditions it is known that cat(Q2) is
a lower bound for the number of positive low energy equilibria. Replacing 02
with 2 we think that a result similar to Theorem 1.1 holds, with the exception of
Theorem 1.1(v).

(d) In our setting no two positive equilibria are comparable. Hence the existence of
connecting orbits does not follow from the results in Matano [17].

(e) We need to work with Alexander-Spanier or Cech cohomology because we need the
continuity property which is not satisfied by singular cohomology. We refer the
reader to the books [6] for Cech and [22] for Alexander-Spanier cohomology.

(f) Under certain nondegeneracy and smoothness conditions on f it is shown in
Henry [12, Theorem p. 105] that for fixed d, generically with respect to domain
variation, all equilibria of 4 are hyperbolic. In this case the set X; contains only



finitely many equilibria. We thank the referee for drawing our attention to this
reference.

Example 1.3. Suppose Q C R¥ has the shape of a solid torus with boundary 95
homeomorphic to (S*)Y~1. Then 99 is connected and cat(92) = N. Thus we find for
d small a compact invariant set X, C A} with cat(X,;) > N and dim X, > N — 1. It
consists only of low energy equilibria and connecting orbits between these. If it contains
only finitely many equilibria then it contains a chain of N equilibria and connecting
orbits as stated in Theorem 1.1.

2. A retraction up to homotopy

We state some basic properties of the solutions of (Py). For every uy € E there is a
solution u(t) of (P4) with initial data wug, defined for times ¢ in a maximal interval [0, T")
with 7" € (0, 00]. It can be viewed as an element of

C([0,7), EYNnC((0,T), H*(Q)) n C*((0,T), L*(Q)) .

We denote the associated continuous semiflow by ¢q and write ¢%(ug) = wu(t). The

energy Jy; satisfies
d

g Jau(t)) = —la(t)f;

for t > 0. Therefore J; decreases strictly along nonconstant flow lines, and there is a
one-to-one correspondence between equilibria of ¢, and critical points of J;. Assump-
tion (F2) implies that 0 is a linearly, hence asymptotically stable equilibrium of .
Assumption (F6) implies that every semiorbit starting in A4 has an w-limit set that is
nonempty, connected, and consists entirely of equilibria.

Recall that we denote by Ky the set of positive equilibria of ¢,. Using (F5) it is easy
to see that every equilibrium in £ ~\ {0} is linearly unstable. It follows from the results
in [13] (see also [9,20]) that Ky C .A}. These facts and the results of [16,18] imply that
J4 achieves a positive minimum a4 on 8.,4:[ at an element of 4. In [13] it is also observed
that (P;) exhibits a threshold phenomenon in the following sense: For v € E* ~ {0}
there is a threshold value

(2.1) a(u) :=sup{s>0|suec A}
with the properties

o 0 < afu) <oo

o sue A, forsel0,alu))

o a(u)u € 0A,

e the solution of (P,) with initial value su blows up in finite time if s > a(u).



These results were proved for homogeneous Dirichlet boundary conditions, but the same
arguments apply in our setting.

The technique to derive asymptotic estimates for (E;) as d — 0 has been developed
by many authors. Our main reference will be the paper [1]. In a standard way it can be
shown that the results of [1] are valid in our setting even though the assumptions on f
used there are slightly stronger than ours.

A key role will be played by positive solutions of the elliptic problem on the whole
space:

(Eo) ~Autu=f(u), ueHRY).

With respect to the corresponding variational functional

Lo(u) = /RN(\WF +u?)dy — /RN Fu)d

a ground state solution is by definition a positive solution of (E.) that minimizes I
among all positive solutions. It is well known that under our conditions such minimiz-
ers exist and that they are radially symmetric about some point in RY and decrease
exponentially at infinity, cf. [4,10,14]. We do not know whether or not a ground state
is unique up to translations. The energy level of a ground state solution will be denoted
by bs in the sequel.

Since the minimum ay of J; on 0.A,; coincides with the minimum of J; on Ky, [1,
Prop. 3.4] yields that

(2.2) ag = d" (bso/2 +0(1)) asd— 0.

Next we define a continuous map from 9€2 into sublevel sets of the restriction of J; to
0A4. Fix a ground state solution w of (E.) that is radially symmetric about 0. Define

a map kq: 00 — FE by setting
r—P
aP)) =u (F50)

for P € 002 and = € Q. Clearly r4 is continuous, and it follows from [1, Prop. 3.2] (there
kq was defined using cut-off functions; the proof clearly extends to our setting) that

(2.3) max Jy(tka(P)) = d™ (bso/2 + 0(1))

as d — 0, uniformly in P € 0f2.
Recall the definition of the threshold value a(u) for u > 0 given in (2.1). In view of
a(u)u € 0A; we define

Ya: O — OAT Ya(P) = a(kq(P))kq(P) .
It is clear that

(2.4) dist(P, B(v4(P))) — 0 as d — 0, uniformly in P.



Lemma 2.1. The map ~yq is continuous. It holds that Jy(v4(P)) = d™ (bs/2 + 0(1)) as
d — 0, uniformly in P.

Proof. As usual, for u,v € HY(Q) we write v > v if u > v and u # v, and we write
u > v if u,v € C(Q) and if u — v is an element of the interior of the positive cone in
C(9Q). Recall that ¢, is strongly order preserving: If u > v then ¢ (u) > ¢} (v) for all
t > 0 where the orbits exist. Also recall that ¢! is a continuous map from its domain of
definition into C(Q) for ¢ > 0.

For continuity it suffices to prove that « is continuous. Let us consider a sequence
(un) € EY {0} with u, — u # 0 as n — co. We may assume that a(u,) — o* € (0, 0]
as n — oo since Ay is a neighborhood of 0.

If a* > a(u) then there is @ > «(u) such that a(u,) > & for large n. By the remarks
made above, p(au) > p(a(u)u) and hence by continuity ¢}(a(un)u,) > @L(au,) >
pu(a(u)u) for large n. As pl(a(u,)u,) € dA4NET we get a(u)u € Ay, a contradiction.
If o* < a(u) then a*u € Ay. As Ay is open also a(u,)u, € Ay for n large enough, a
contradiction. Accordingly, a(u) = a* which proves continuity of «.

The asymptotic estimate follows from (2.2) and (2.3). O

Proposition 2.2. For every r > 0 there exist g > 0 such that
dist(B(u),00) <r foru e dA;N J5
for small d; here cq = ag+ god™ as in (1.1).

Proof. The proof will make use of a technique commonly used when dealing with singu-
larly perturbed problems, namely blow-up analysis. For this purpose we introduce for
d > 0 the scaled domain

Qu:={zeRY |drcQ}

and consider the scaled problem

(SP,) {vt—Av+v:f(v) in Qy,
d

v =0 on 0€),.

Solutions u of (P4) and v of (SP,) are in a one-to-one correspondence via scaling of
the x-variable: v(t,z) = u(t,dzr). Consequently, the dynamic properties of (Py) carry
over to (SP4) via scaling. We denote the parabolic semiflow which (SP,) induces on
Eq := H'(Qq4) by 14. The domain of attraction of 0 with respect to ¢4 will be denoted
by By. The variational functional for the scaled stationary equation

is given by

I;(v) == %/ﬂd(]VU\Q +v?) dz —/ F(v)dz,

Qq



and its minimum on 9B, by b,;. Note that for u € E, and v in Ey its scaled counterpart
Ja(u) = dN I(v)

and hence

(2.5) ba = bso/2 + 0(1)

as d — 0 by (2.2).
Arguing by contradiction we assume that there are r > 0, a sequence d, — 0 and

aq +ld,I.LV
elements u, € dAq, N J;" ™" such that
dist(B(uy),0) > 1.

Going forward in time a small amount for each n, replacing the value of r with r/2,
and using that the semiflow ¢, and the map [ are continuous on F, we may as
well assume that the solution of (SPg,) starting at w, can be considered as a map
in C([0,00), H*(Q2)) N C*(]0,00), L*(R2)) (note that we gain differentiability into L?(£2)
up to the initial time 0 by this).

Denoting the L?-barycenter of v € L*(£3) ~ {0} by

1

Ba(v) == @ o lv(z)|2x dz
and rescaling we obtain elements
(2.6) Un € OBy, N 1"
with
(2.7) dist (s, (vn), 0Q4,) > di

The strategy to obtain a contradiction is to produce elements v,, € I, that are close to
v, in L(Qy, ) such that dist(3q, (v,,), 0824, ) remains bounded as n — oo.

Let us fix n € N for the moment. Consider the closure M,, of the trajectory starting
at v, i.e.

M, == { g, (t,v,) |t >0} in Ey,.

Since 0By, is closed and positive invariant, M, is a subset of 0B, and hence I, is
bounded below on M,, by b,,. Moreover, assumption (F6) implies that M, is compact.
Since Fy, is continuously embedded in L?*(€y,) (which is a Hausdorff space) the topolo-
gies of E4, and L?(Q,) coincide on M,,. Therefore I, is continuous on M, with respect
to the L*(Qg,) -topology. From now on we denote the L:norm of v € L?(Qg4,) by |v]s.
The variational principle of Ekeland, cf. [23, Thm. 1.5.1], yields ©,, € M,, such that

1
(2.9) 14, (T,) < Iy, (vyn)
1
(2.10) Iy, (U,) < Iy, (w) + ﬁlw — Uply  for all w € M,



We claim that
1

(2.11) | D14, (Un)|l2(e,, r) < NGE

If 7, € w(v,) (the w-limit set of v,) then ¥, is an equilibrium point of 1,,. Hence
U, is a critical point of I;, and (2.11) holds. If T,, ¢ w(v,) then there is ¢, > 0 such
that T, = g, (t,,v,). Recall that we have set up things such that the map given by
t — g, (t,v,) is in C1([0,00), L*(yg,)). Denote by w,(t) the solution of (SPy,) with
initial datum @,, i.e. w,(t) := g4, (t,7,). Note that

d , 5
(2.12) gl (wa(t)) = —[n ()] ,

where 10, denotes the derivative of the C'-map w,,: [0,00) — L?(Qg4,). We obtain from
(2.10) for ¢ > 0 that

0 < Ia, (wn(0)) = L, (wn(t)) < —=[wn(0) = wn(t)]

and hence from (2.12) that
| a, (0 (0)) = La, (wa(t)] _ 1
— \/ﬁ *

Now (2.11) follows since w,(0) € H?*(2), w, satisfies equation (SPg, ) for ¢ > 0, and
hence

[0 (0)]2 = lim |wn (0) — wn(t)]2

D14, (0 (0))l| 28y, ) < [0 (0)]2
holds.
Combining (2.5), (2.6), (2.9), (2.11), [1, Lemma 2.10], and [1, Prop. 3.6] yields that
|n| £, remains bounded as n — oo, and that there is a ground state solution w of
(Es) and a sequence (y,) € RY with y,, € 99y, such that

(213> ||@n - w( - yn)|9dn ||Edn —0

and such that w,, is concentrated in ¥, in the following sense:

(2.14) Ve >0 3Ry >0VR > Ry Vn € N: / (|VT,|* + [T,]}) dx < e.
an \BR(yn)

As the boundaries of the scaled sets 2, behave uniformly with respect to d € (0, 1] there
exists C' > 0 such that |w(- — y,)|2 > C, and therefore by (2.13)

C
(2.15) [Tp)2 > 3 for n large enough.
Consider p > 0 such that 2 C B,(0). Fix € > 0 and define for each n a probability
measure [, on RY by setting

1
pn(A) = m/Awanx



for every Lebesgue measurable subset A of RY. From (2.14) and (2.15) it follows that
there is R > 0 with
Mn(an N BR(yn>> <e

for all n € N. Along the lines of the proof of [1, Prop. 3.5] it follows easily that

dist(By, (T,), 000, < 22—” +R.

n

On the other hand, (2.8) and the boundedness of ||7,||g, imply boundedness of [,
and |v,|2. Therefore (2.15) yields C' > 0 with

C Cp 1
dist (B4, (vn), Ba, (Un)) < d—5|vn —Upl2 < d_npﬁ :
Choosing € small and n large enough we reach a contradiction with (2.7). Il

Remark 2.3. In contrast to the results in [1] we cannot prove Proposition 2.2 when
defining the barycenter 5(u) via the H'-norm.

Fix § > 0 such that
(2.16) [:={zecR"|dist(x,00) <}

is a normal tubular neighborhood of 0€2. Denote by 7: I' — 02 the corresponding
normal projection. Now we obtain the main result of this section.

Corollary 2.4. For every r € (0,0] there are ¢¢ > 0 and dy > 0 such that for all
d € (0,dy] the maps

(2.17) 00 24 0AT N TS 2 UL (00) = 09

are well defined and such that o 3 o 4 is homotopic to the identity on OS). In other
words, O is a homotopy retract of DA} N J5.

Proof. Choose ¢, as in Proposition 2.2. Together with Lemma 2.1 this implies that
BOALT N J5H) C U,(99) and that v4(9Q) C AT N J5¢ for small d. Using (2.4) fix dy
small enough such that for d € (0, dp] in addition to these properties it also holds that
B(va(P)) € Basys(P) C T for all P € 0. Hence the segment with the endpoints P and
B(v4(P)) is included in I for all P € 0. The linear homotopy h from the inclusion
0 — RY to the map 3 o7, has its image in I', and 7 o h defines a homotopy from idsq
to mo 3oy [

This result has strong consequences for the topology of and the dynamics in .47 N .J5?
as we will see below.

10



3. Proof of Theorem 1.1

Recall that we are given a connected component C' of 92 and r > 0. We may assume
that r < 0, where ¢ is given in the definition of I" in (2.16). We choose ¢y > 0 and dy > 0
as in Corollary 2.4 and fix d € (0,dp]. The maps 74, § and 7 induce restrictions

C 24 W, = (10 B8)"Y(C) -5 UL(C) =5 C
such that
(3.1) 7 o (3 0,4 is homotopic to ide¢.

Observe that Wy is a closed subset of A} N J;* and that it is positive invariant under
g because C' is a connected component of 0f).
Let X4 := w(74(C)) be the w-limit set of v4(C) in Wy:

Xg={u€E| ¢y (yy(r,)) == u for some z,, € C, t, — oo}

Being the w-limit set of the connected set v4(C), X, is connected and @4 is a global flow
on X4. By (F6) X is compact. Standard regularity theory and the strong comparison
principle imply that X, consists of functions that are continuous and positive in Q.
It is also clear that B(u) € U,(C) for u € X4. Hence we have proved (i) and (ii) of
Theorem 1.1.

For the proof of (iii) and (vi) we need the Lusternik-Schnirelmann category catz(A)
where Z is a topological space and A C Z. This is the smallest integer k£ > 0 such that
there exist open sets Uy, ..., Uy C Z with A C Uy U...U U, and which are contractible
in Z, that is there exists a continuous map h;: U; x [0,1] — Z with h;(z,0) = z and
hi(z,1) = z; € Z for all z € U;, i = 1,...,k. If such a covering does not exist then
catz(A) := oco. Note that catz(A) = 0 if and only if A = @. We also write cat(Z) :=
catz(Z), as usual. It is important here that we work with open coverings and not with
closed ones as it is often the case. The two definitions are equivalent if Z is an ANR.
However, we shall apply the results to Z = X; and we do not know whether X, is an
ANR. The following properties are standard and easy to prove.

(cl) ACBCZ = catz(A) <catz(B).

(c2) For any A C Z there exists a neighborhood V' of A in Z with catz (V) = catz(A).

(c3) A, BCC = catz(AUB) < catz(A)+ catz(B).

(c4) Given V' C Z open, h: V x [0,1] — Z continuous with ho(z) = z we have
catz(A) < catz(hi(A)) for every A C V; here hy = h(-,1).

In fact, (c1) and (c3) are trivial. (¢2) is also trivial because we work with open coverings:
If A C UjU...UUy is a covering as in the definition of catz(A) then set V' := U U. . .UUy.
Finally, in order to see (c4) let hy(A) C Uy U...U Uy be a covering as in the definition
of catz(hi(A)). Then A C hy'(Uy) U...Uh; (U) is an open covering of A, and each
hl_l(Ui) can first be deformed into U; using h, then into a point since U; is contractible
in Z.

11



Proof of Theorem 1.1(iii). By (c2) there exists a neighborhood V' of X, in W, with
catyw, (Xq) = caty, (V). Since v4(C) is compact there exists T > 0 with o’ (74(C)) C V,
hence caty, (V) > catw,(74(C)) by (c4). It remains to prove caty,(74(C)) > cat(C). In
order to see this, let h: C'x [0, 1] — C be a homotopy between hy = idg and hy = moFo~,.
Let 74(C) C Uy U... U Uy be a covering as in the definition of caty,(74(C)). Setting
V; := ~v;1(U;) defines an open covering C' = V; U ... UV, of C. It remains to show
that each Vj is contractible in C. There exists a homotopy h"): U; x [0, 1] — Wy which
deforms U; to a point. Then

h(x,2t) 0<t<1/2

Vi x[0,1] - C, (x,t) {Wﬁ(h(j)(yd(x),%— 1) 1/2<t<1

deforms Vj to a point. O]

Proof of Theorem 1.1(iv). This is a consequence of the continuity property [22, Theo-
rem 6.6.2] of Alexander-Spanier cohomology which we recall here for the reader’s con-
venience. Given topological spaces A C Z and £ € H*(Z) we set &4 = i*(§) where
i: A — Z denotes the inclusion and i*: H*(Z) — H*(A) the induced homomorphism in
cohomology. Now the continuity property says that for a paracompact Hausdorff space
Z and a closed subset A, given £ € H*(A) there exists a neighborhood V' of A in Z
and n € H*(V) with n|4 = & If V1, V5 are two such neighborhoods and 1, € H*(V}),
ne € H*(Va) satisfy m1|a = m2|a = £ then there exists a neighborhood V3 C Vi NV, of A
so that m|v, = m2lvs.

For the proof of Theorem 1.1(iv) we construct a homomorphism o: H*(X,) — H*(C)
such that o o (m o 8)* = id on H*(C). Then H*(X,) = H*(C) @ kern(o). Given
¢ € H*(X,) there exists a neighborhood V' of X; in Wy and n € H*(V) with n|x, = &.
There also exists 7' > 0 such that ¢%(74(C)) C V for all ¢ > T. Then we set o(§) :=
(¢4 0 va)*(n), any ¢t > T. This is independent of ¢ > T because the maps ¢/} o 74,
@2 0v4: C — V are homotopic. The definition is also independent of V' and n. If V4, V5
are neighborhoods of X, in Wy, and ny, € H*(V1), no € H*(Va) satisty mi|x, = & = ma]x,
then there exists a neighborhood V5 C Vi NV, of Xy with ny |y, = me|v,. For ¢ large we
have % (v4(C)) C V3. Therefore

(wa ) (m) = (25 ova)" (mlvs) = (wg o 7a)" (M2lvs) = (950 va)* (12).

Here we interpret ¢, 0 v4 as a map ¢4 0v4: C — V; for j =1,2,3.

We have seen that o: H*(X,;) — H*(C) is well defined. In order to see that o o (7 o
B)* = id consider ¢ € H*(C') and set £ := (7 o f|x,)*((). Let V be a neighborhood of
Xqin Wy, n € H*(V) with n|x, = &, so that o(&) = (¢ 0 v4)*(n) for ¢ large. Then
(mo Blv)*(Q)lx, = & = n|x,, hence by the continuity property of H* there exists a
neighborhood Vi C V of X, with (7 o Blv)*({)|v, = nlw,. For t large we have (¢f o
74)(C) C Vi, so that

a(€) = (g o7a) (M) = (¥ 07a) (0 Blv)*(O)lw) = (T o Boggora) (¢) =¢.

The last equality follows from the fact that 7o 3o ¢} 0~v4: C — C is homotopic to
7 o 3 074 which is homotopic to ide by (3.1). O
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Proof of Theorem 1.1(v). Since C' is a compact (N — 1)-dimensional manifold without
boundary we have HY~'(C) # 0. Now Theorem 1.1(iv) implies H¥~(X,) # 0 which is
only possible if dim Xy > N — 1. O]

Proof of Theorem 1.1(vi). This is a consequence of Theorem 1.1(iii) and Theorem 4.1
below. 0

4. Existence of connecting orbits

We state a rather general result concerning the existence of connecting orbits for
gradient-like flows. Let X be a compact metric space with metric d. Let ¢ be a
gradient-like flow on X with strict Lyapunov function f: X — R, i. e. f is continu-
ous and f(¢'(x)) < f(z) for x € X, t > 0, except when z is a stationary solution. The
set of stationary solutions is denoted by S, and we assume that it is finite. Hence also
the set f(5) of “critical values” is finite. As a consequence, the a- and w-limit sets of
x € X consist of a single equilibrium which we denote by a(z),w(x) € S.

Theorem 4.1. If X is connected then there exist k := cat(X) = catx(X) equilibria
x1,...,Tx and connecting orbits from x;41 to x;, j=1,...,k—1.

The proof requires some preparations. For r > 0 and x € X denote by B,(z) the
closed ball with radius r and center . We fix r > 0 such that B,(z9) NS = {z¢} and
f(Br(z0)) N f(S) ={f(xg)} for all zy € S. Moreover, for zy € S let

W (zo) :=={z € X | ¢'(x) = 29 as t — —o0}
denote the unstable set of xy and define

S, WHh(xg) = {x € W(xo) | d(x,z0) =1},
B, W"(xy) :={x € W"(xy) | d(x,z0) <71}

Lemma 4.2. Suppose that zo € S. If (y,) C 0B,.(xo) and if there exist s, > 0 such that
O (yn) — x9 as n — oo then y, — y € S,W"(xq) along a subsequence.

Proof. For large n there exist t, € [0,s,) with ¢~ (y,) € dB,.(xo) and ¢ "' (y,) €
B, (z0) for all ¢t € [0,s, — t,]. We may assume that ¢ " (y,) — 2z € 9B,.(xg) as n — o0
since X is compact. Next, s, —t, — 0o because otherwise s, — t,, — t along a subse-
quence, hence =5 (y,) = @5t (7" (y,)) — @ (2) # x¢, a contradiction. For ¢ > 0
it holds that ¢ (z) = lim,, . @ " (yn) € B,(xg). Since xg is the only equilibrium in
B,.(xg) it follows that lim; .., ¢ *(2) = x¢ and z € S, W"(zy). Hence by our choice of
r there exists T > 0 with f(¢7(2)) < min f(B,(x0)), and therefore f(p? (¢~ (y,)) <
min f(B,(x)) for n large. Since f(o™ (¢ " (yn))) = f(yn) = min f(B,(z0)) it follows
that t, < T for n large. Thus we may assume ¢, — t as n — oo. This implies

Yn = 0" (07" (yn)) — y = ¢'(2) € W' (o).
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For convenience we introduce some notation: For z,y € S we write x > y if there
exists a connecting orbit from z to y. A sequence v = xy > 1 > ... = x; = y of
equilibria is called a heteroclinic chain from x to y of length j.

Lemma 4.3. For z,y € S with x # y and y € WY (x) there exists a heteroclinic chain
from x to y.

Proof. There exist sequences y, € S, W"(x), t, > 0, such that ¢ (y,) — y. By
Lemma 4.2 we may assume that y, — z; € S, W"(x) and set x; := w(z;). Clearly
f(z1) < f(x) and hence z1 # .

If 21 = y we are done. If x; # y there exist sequences s,, < r, with ¢**(y,) — x; and
O™ (yn) € 0B.(z1). As a consequence of Lemma 4.2 ¢""(y,) — z2 € S, W"(z;) along
a subsequence and we set x5 = w(z2). Now f(z2) < f(z1) and hence xzo ¢ {x1,2}.
We have heteroclinic orbits x = x; > x5. As above, either o = y and we are done,
or ro # y and we continue as before. After a finite number of steps we arrive at a
heteroclinic chain from z to y. O]

Lemma 4.4. If X is connected then X is path-connected.

Proof. For each x € X there exists a path to w(z) € S. Consequently, X can have
at most finitely many path-components. It follows from Lemma 4.3 that Wu(x) is
path connected for every x € S. This implies that a path component ¥ of X can be
written as Y = (J,cyng WU (%), hence it is closed. Since X has only finitely many path-
components, each is closed and open. But then X being connected can have only one
path-component. Il

Proof of Theorem 4.1. We define the height h(z) € Ny of an equilibrium z € S by
h(z) ;== max{j € Ny | there exists a heteroclinic chain of length j starting at x}.

The height of a stable equilibrium is 0. Theorem 4.1 can be formulated as saying that
there exists a heteroclinic chain of length £ — 1 in X, provided there are only finitely
many equilibria. For j € Ny we consider the set

X7 ={r e X | h(a(x)) <j}.
We have to prove that X*~! \ X*~2 £ . By Lemma 4.3 we know:
reS, hzx)<j = Wu(z) C X7,

We claim that catx (X7?) < j+1. For j = 0, X° consists precisely of the stable equilibria.
So X is finite, hence catx(X") = 1 because X is path-connected by Lemma 4.4. More-
over, X7t = XJU(X7T\ X7) and therefore cat x (X7T!) < catx (X7)+catx (XTI X7).
For x € X7\ X7 we have h(a(z)) = j + 1. Clearly there cannot exist a connecting
orbit between equilibria having the same height. Using the flow ¢! for t — —oo, the
set X9t U X7 can be deformed to the set S9! = {x € S | h(z) = j + 1} which is
finite. Using the properties of the category catx we obtain catx(X?™! \ X7) < 1, hence
catx (X7*) < catx(X7) + 1.

Since cat(X) = k we deduce X* 2 # X, hence X* 1\ X*2 £ g, O

14



Acknowledgement. The third named author wishes to thank the Mathematical Insti-
tute of the University of Giessen for its hospitality during his stay in 2004.

References

[1] N. Ackermann, Multiple single-peaked solutions of a class of semilinear Neumann
problems via the category of the domain boundary, Calc. Var. Partial Differential
Equations (3) 7 (1998), 263-292.

[2] N. Ackermann and T. Bartsch, Superstable manifolds of semilinear parabolic prob-
lems, J. Dynam. Differential Equations (1) 17 (2005), 115-173.

[3] N. Ackermann, T. Bartsch, P. Kaplicky, and P. Quittner, A priori bounds, nodal
equilibria and connecting orbits in indefinite superlinear parabolic problems, 56
pages, to appear in Trans. AMS.

[4] H. Berestycki and P.L. Lions, Nonlinear scalar field equations. I. Existence of a
ground state, Arch. Rational Mech. Anal. (4) 82 (1983), 313-345.

[5] M. del Pino, P.L. Felmer, and J. Wei, On the role of mean curvature in some
singularly perturbed Neumann problems, STAM J. Math. Anal. (1) 31 (1999), 63-79
(electronic).

[6] A. Dold, Lectures on algebraic topology, second ed., Grundlehren der Mathematis-
chen Wissenschaften [Fundamental Principles of Mathematical Sciences], vol. 200,
Springer-Verlag, Berlin, 1980.

[7] M. Fila and H. Matano, Blow-up in nonlinear heat equations from the dynamical
systems point of view, Handbook of dynamical systems, Vol. 2, North-Holland,
Amsterdam, 2002, pp. 723-758.

[8] V.A. Galaktionov and J.L. Vazquez, The problem of blow-up in nonlinear parabolic
equations, Discrete Contin. Dyn. Syst. (2) 8 (2002), 399-433, Current developments
in partial differential equations (Temuco, 1999).

9] F. Gazzola and T. Weth, Finite time blow-up and global solutions for semilinear
parabolic equations with initial data at high energy level, Differential Integral Equa-
tions (9) 18 (2005), 961-990.

[10] B. Gidas, W.M. Ni, and L. Nirenberg, Symmetry of positive solutions of nonlinear
elliptic equations in R", Mathematical analysis and applications, Part A, Adv. in
Math. Suppl. Stud., vol. 7, Academic Press, New York, 1981, pp. 369-402.

[11] C. Gui, Multipeak solutions for a semilinear Neumann problem, Duke Math. J. (3)
84 (1996), 739-769.

15



[12] D. Henry, Perturbation of the boundary in boundary-value problems of partial dif-
ferential equations, London Mathematical Society Lecture Note Series, vol. 318,
Cambridge University Press, Cambridge, 2005, With editorial assistance from Jack
Hale and Antonio Luiz Pereira.

[13] M. Lazzo and P.G. Schmidt, Monotone local semiflows with saddle-point dynam-
1cs and applications to semilinear diffusion equations, Discrete Contin. Dyn. Syst.

(2005), 566-575.

[14] Y. Li and W.M. Ni, Radial symmetry of positive solutions of nonlinear elliptic
equations in R™, Comm. Partial Differential Equations (5-6) 18 (1993), 1043-1054.

[15] Y.Y. Li, On a singularly perturbed equation with Neumann boundary condition,
Comm. Partial Differential Equations (3-4) 23 (1998), 487-545.

[16] C.S. Lin, W.M. Ni, and I. Takagi, Large amplitude stationary solutions to a chemo-
tazxis system, J. Differential Equations (1) 72 (1988), 1-27.

[17] H. Matano, Ezistence of nontrivial unstable sets for equilibriums of strongly order-
preserving systems, J. Fac. Sci. Univ. Tokyo Sect. IA Math. (3) 30 (1984), 645673,
Article has a correction in 89a:35110.

[18] W.M. Ni and I. Takagi, On the shape of least-energy solutions to a semilinear Neu-
mann problem, Comm. Pure Appl. Math. (7) 44 (1991), 819-851.

[19] , Locating the peaks of least-energy solutions to a semilinear Neumann prob-

lem, Duke Math. J. (2) 70 (1993), 247-281.

[20] P. Polacik, Domains of attraction of equilibria and monotonicity properties of con-
vergent trajectories in parabolic systems admitting strong comparison principle, J.
Reine Angew. Math. 400 (1989), 32-56.

[21] P. Quittner, Continuity of the blow-up time and a priori bounds for solutions in su-
perlinear parabolic problems, Houston J. Math. (3) 29 (2003), 757-799 (electronic).

[22] E.H. Spanier, Algebraic topology, McGraw-Hill Book Co., New York, 1966.

[23] M. Struwe, Variational methods, second ed., Ergebnisse der Mathematik und ihrer
Grenzgebiete (3) [Results in Mathematics and Related Areas (3)], vol. 34, Springer-
Verlag, Berlin, 1996, Applications to nonlinear partial differential equations and
Hamiltonian systems.

[24] J. Wei, On the boundary spike layer solutions to a singularly perturbed Neumann
problem, J. Differential Equations (1) 134 (1997), 104-133.

16



ADDRESS OF THE AUTHORS:

Nils Ackermann

Instituto de Matematicas

Universidad Nacional Auténoma de México
México, D.F. C.P. 04510, México
nils@ackermath.info

Thomas Bartsch

Mathematisches Institut

University of Giessen

Arndtstr. 2, 35392 Giessen, Germany
Thomas.Bartsch@math.uni-giessen.de

Petr Kaplicky

Faculty of Mathematics and Physics
Charles University Prague
Sokolovska 83

186 75 Praha 8, Czech Republic
kaplicky@karlin.mff.cuni.cz

17



