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We prove a variant of the Brézis-Lieb Lemma that applies to more general
nonlinear superposition operators within a certain range of growth exponents,
at the expense of stronger conditions on the admissible sequences of functions.
This new set of conditions is well adapted to second order semilinear elliptic
partial differential equations on RY. The proof rests on the uniform continu-
ity of superposition operators on bounded subsets of Sobolev space, which we
obtain from an application of the concentration compactness method.

1 Introduction

In their seminal paper [4] Brézis and Lieb prove a result about the decoupling of certain
integral expressions, which has been used as one route to concentration compactness in the
calculus of variations. To describe a special case of this theorem, suppose that () is a domain
in RY p>1, f(t) := [t]P for t € R, and (u,) a bounded sequence in LP(f2) that converges
pointwise almost everywhere to some function u. If one denotes by F: LP(Q) — L'(Q) the
superposition operator f generates, i.e., F(v)(x) := f(v(x)), then v € L?(Q2) and

F(un) — F(up, —u) = F(u) in L'(Q2), as n — oo. (1.1)
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The same conclusion is obtained in that paper for more general functions f, imposing
conditions on f that are satisfied for continuous convex functions with f(0) = 0, and
imposing additional conditions on the sequence (u,).

Our aim is to give a similar result under a different set of hypotheses that, on the one
hand, applies to a larger class of functions f within a certain range of exponents p, but, on
the other hand, restricts the admissible sequences. This choice of hypotheses is justified
by the numerous applications where they are satisfied.

Using the standard notation 2* := co if N =1 or N =2, and 2* := 2N/(N—-2) if N > 3,
recall the continuous embedding of the Sobolev space H'(RY) in LP(RY) for p € [2,2*). In
our main result we prove (1.1) for a continuous function f that is polynomially bounded
with exponent p € (2,2*), and for sequences (u,) that converge weakly in H'(RY). We
also consider F taking values in more general Lebesgue spaces L¥(RY).

In the proof we first need to show that F is uniformly continuous on bounded subsets
of HY(RY), with respect to the LP-norm (and hence also with respect to the H'-norm), a
result of independent interest. The restriction p > 2 appears since the proof rests on Lions’
Vanishing Lemma. The uniform continuity of such F on bounded subsets of H'(R") is
known as folklore in some circles, but we are not aware of a published proof of this nontrivial
fact.

The restriction to 2 = R” is not accidental; the proofs require the existence of a group
action by translation on 2. We only strive for generality with respect to the conditions on
f, but confine ourselves to a simple functional setup to highlight the main idea. Our result
could also be proved for more general domains €2 (always assuming an adequate translation
action) and other spaces than H!.

We do allow explicit dependence of f on z and need to introduce some terminology.
The function f: RY x R — R is a Caratheodory function if f is measurable and if f(z,-)
is continuous for almost every z € RY. The induced superposition operator on functions
u: RY — R is then given by F(u)(z) := f(z,u(z)). If Ais a real invertible N x N-matrix
then f is said to be A-periodic in its first argument if f(x + Ak,t) = f(z,t) for all z € RV,
EeZN andt € R. Amap F: X — Y, where X is a Hilbert space and Y a Banach
space, will be called BL-splitting (BL for Brézis-Lieb) if F(u,) — F(u, —u) — F(u) in YV
whenever u,, — u in X.

With these preparations our main result reads:

Theorem 1.1. Consider p >0, v > 1, and Cy > 0, such that p := uv € (2,2*). Suppose
that f: RY x R — R is a Caratheodory function that satisfies

|f(z, )| < Colt|*  forallz e RY, t € R, (1.2)

and which is A-periodic in its first argument, for some invertible matriz A € R¥N*N . Denote
by F: LP(RY) — LY(RY) the continuous superposition operator induced by f. Then F is
uniformly continuous on bounded subsets of H'(RY) with respect to the LP-LY-norms and
hence also with respect to the H'-L"-norms. Moreover, F: HY(RN) — LY(RY) BL-splits.



Remark 1.2. The result also holds in a slightly restricted sense for functions f that are
sums of functions as in Theorem 1.1, i.e., functions that satisfy merely

|f(z,t)] < Co(|t|™ + [t]*2)  forallz € RN, t € R,

where y;v € (2,2%) for i = 1,2. In that case, F: HY(RY) — L*(RY) is uniformly continu-
ous on bounded subsets of H!(R™) with respect to the H'-L” norms, and F BL-splits.

Theorem 1.1 is relevant in the calculus of variations, applied to the question of exis-
tence of solutions of certain second order semilinear elliptic partial differential equations
in unbounded domains. It allows to apply the locally compact variant of the method of
concentration compactness under weaker assumptions on the nonlinearity than known be-
fore and provides a convenient framework in many situations to avoid cumbersome cut-off
arguments.

To give just one immediate improvement of a known result, consider the equation

—Au+V(z)u = f(z,u) u€ HY(RY) . (1.3)

We assume that f and V' are 1-periodic in all coordinates of z, V' is continuous, V' > 0,
f(x,-) is continuously differentiable for almost all =, and 0, f is a Caratheodory function.
We assume the standard Ambrosetti-Rabinowitz condition for f and Oy f(x,t)t* > f(x,t)t
for all z € RY and t € R. Suppose that there are 2 < p; < py < 2* such that

105 f (w, )] < C(H =" + [t (1.4)

for all z € RN, ¢t € R and k = 0,1. Then by Theorem 1.1 the corresponding results in [2]
on the existence of multibump solutions of (1.3) hold true. In that paper we imposed (1.4)
also for k = 2, assuming that f is twice differentiable in ¢. We could have done there with
an appropriate growth bound on the Holder constant for 0, f. Theorem 1.1 removes the
need for regularity conditions on 0y f.

Our proof of Theorem 1.1 uses a combination of ideas from [1,6-8]. It is very similar
to the proof of [8, Theorem 3.1] but involves an intermediate cut-off step that yields, in
the first iteration, a weak form of BL-splitting for F, as in [2, Lemma 3.2]. The other
ingredients are the local compactness of the Sobolev embedding H' < LP for p € [2,2%)
and Lions’ Vanishing Lemma. We present the proof in an almost self contained form to
make it more accessible.

2 Proof of the Theorem

For simplicity we will only consider the case A = I (the identity transformation). Denote
the respective translation action of the additive group Z" on functions u: RY — R by

(axu)(z) :=ulx — a), acZ, recR"Y.



Let By denote, for R > 0, the open ball in RY with center 0 and radius R. If r € [1, 0]
and if (€2, %, 1) is a measure space with a positive measure p then denote by |- |, the norm
of L"(11). We omit RY in the notation for function spaces. Let (-,-) denote the standard
scalar product in H', defined by

(u,v) = /RN(Vu-V'UjLuv),

and let || - || denote the associated norm. Also denote by w-lim the weak limit of a weakly
convergent sequence.
We first recall a functional consequence of Lions’ Vanishing Lemma, [6, Lemma I.1.].

Lemma 2.1. Suppose for a sequence (u,) C H' that a,*u, — 0 in H' for every sequence
(an) CZN. Then u, — 0 in LP for all p € (2,2%).

Proof. Note first that (u,) is bounded in H' since u,, — 0 in H'. We claim that

sup / [, |> — 0 as n — 00. (2.1)
yeRN Jy+ B

If the claim were not true there would exist ¢ > 0 and a sequence (y,) € RY such that,
after passing to a subsequence of (u,,),

/ lun|* > €.
yn+Bl

Pick (a,) C Z" such that |a, + yn|oe < 1 for all n. With R := +/N + 1 it follows that
a, + Yo + B1 € Br and hence
| * un|? > €
Br

for all n. We reach a contradiction since a,, x v, — 0 in H' and hence a, * u, — 0 in
L?*(Bg) by the theorem of Rellich and Kondrakov. Therefore (2.1) holds.

The claim of the theorem now follows from [6, Lemma I.1.] with p = ¢ = 2. Compare
also with [8, Lemma 3.3]. O

Proof of Theorem 1.1. The continuity of F: LP — L follows from (1.2) and the theory of
superposition operators, see [3].
We start by proving the uniform continuity. Let (u

for i = 1,2 and set Cy := max,—1 5 limsup,, . [|ug,,[|-

?,n)neNo be bounded sequences in H*

Suppose for a contradiction that
\u‘in - ug’n|p —0 as n — oo, (2.2)
and that there is C'y > 0 such that

| F(u?,) — F(ud,)], > Co for all n. (2.3)

1n



Successively we will define a countable infinity, indexed by k € Ny, of sequences (a¥), C

Z"N and (uf,), € H', i = 1,2, with the following properties (among others, to be seen
below):

max lim sup|juf, || < O, (2.4)
=12 nooo ’
n—00 ’ ’

liminf|F(uf ) — F(ub )], > O, (2.6)

n—00 ’ ’
and

w-lim(—a’) xuf, =0 in H',if £ <k, for i =1,2. (2.7)
n—00 ’

We need to say something about the extraction of subsequences. In order to obtain (a¥),
and (u; "), from (uf,), we first pass to a subsequence of (uf,), and then use its terms
in the construction. Once the new sequences are built we may remove a finite number of
terms at their start, with the goal of obtaining additional properties. Beginning with the
following iteration there are no more retrospective changes to the sequences already built.
The act of passing to subsequences will be implicit, leaving it to the reader to complete
the argument, if so desired.

For k = 0 the properties (2.4)—(2.7) are fulfilled by the definition of C; and by (2.2)
and (2.3). Assume now that (2.4)—(2.7) hold for some k € Ny. Denote by Wj the set
of v € H' such that there are a sequence (a,) C Z" and a subsequence of (uf,) with
w-lim,, oo @y, * u’fn =vin H".

If w-lim,, o0 @, % uf, = 0 in H' were true for all sequences (a,) C Z", by Lemma 2.1

1n —

it would follow that lim,, u'fn = 0in LP. Equation (2.5) and the continuity of F on L?
would lead to a contradiction with (2.6). Therefore

qr := sup ||v|| € (0,C4].

veW
Pick v* € W), such that
o > q2—’“ > 0. (2.8)
There is (a}), € Z" such that w-lim, . (—al) « uf, = % in H'. Since lim, . (—ak)
uf,, = v"in L} by the Rellich-Kondrakov theorem, we may assume by (2.5) that
w-lim(—ay) ~uf, = v" in H', fori =1,2, (2.9)

n—o0

k

i.e., the same property for both indices i = 1,2. Let us write 2* := (—a*

define @Q,,: [0,00) — [0, 00) by

)*uf,,. Forn € Ny

Qu(R) = [ |z

Br



The functions @), are uniformly bounded and nondecreasing. We may assume that (Q,,)
converges pointwise almost everywhere to a bounded nondecreasing function @ [5]. It is
easy to build a sequence R,, — oo such that for every € > 0 there is R > 0, arbitrarily
large, with

lim sup(Qn(R,) — Qu(R)) < e.

n—oo

Hence

Ve >03dR >0: limsup/ |2FPP < e and / [P < e. (2.10)
Br,\Br RN\Bp

n—0o0

In view of (2.5), and taking R large enough, (2.10) also holds if we replace 2} by (—a})xu5,,.

Consider a smooth cut off function 7: [0,00) — [0, 1] such that n =1 on [0,1] and n =0
on [2,00). Set v¥(z) := n(2|z|/R,)v*(x). Then

lim v =o*  in H". (2.11)

n—oo

From the continuity of F on LP(Bg), v*¥ = v* on Bpg, and lim,, ., 2F = v¥ in LP(Bg) we
obtain

n—0o0

lim [ |f(z,2;) = f(z, 25 — o) = fla,0p)] do
Br

= lim |f(x,zﬁ)—f(x,zﬁ—vk)—f(x,vk)‘ydx:().
Br

n—oo

Since vF = 0 in RY\ Bg,,, this in turn yields for any € > 0 and R chosen accordingly, as in
(2.10),

lim sup |f(x, zﬁ) — f(z, ZS — k) — f(x, U’Z)|de
RN

n—oo

n—oo

zlimsup/ |f(z,28) — fla, 2k —ob) — f(z,08)]" da
Br,\Br

< Climsup / (|25 + 25 — ok | ok ey
Br,\Br

n—oo

< Climsup / (2 + o)
Br,\Br

n—oo
< Ce,

where C' is independent of . Letting € tend to 0 and using (2.11) we obtain

lim |}"(z§) — .7:(22 — UfL) — ]:(vk)‘ = 0.

n—00 v



Since (2.10) also holds for (—a¥) « uf, instead of 2}, the same arguments yield

lim ‘}" )*ugn) - }"((—aﬁ) *ugn — vk) — ]—“(vk)‘ =0.

n
n—00 v

Set uf;tl := uf, — ay ~vk. By the equivariance of F and the invariance of the involved
norms under the ZN-action,

lim [F(uf,) — F(ubf') — Flak 0% =0 fori=1,2, (2.12)

n—o00 o n
and, since || - || BL-splits,
T [ = 580 = P =0 fori = 1,2, (2.13)

Equations (2.13) and (2.4) (for k) imply that

mathsupHuk“H < 4,
v2 n—oo

hence (2.4) for k + 1. The definition of the sequences u}}' and (2.5) (for k) imply that

lim |u’€+1 —ustl,

n—

hence (2.5) for k + 1. It follows from (2.12) and (2.6) (for k) that

n—00 ’ ’

lim inf|F(ufh) — F(usth], = liminf| F(uf,) — F(us,,)|, > Co,

n—00 n—00 -

hence (2.6) for k+ 1. Last but not least, from (2.7) (for k), (2.8), and (2.9) it follows that
lim |a!, — a¥| = 00 if ¢ <k, (2.14)

n—oo

and hence by (2.7) (for k) and (2.11) that

: L k+1
w-lim(—a, ) *x u;
M ( n) i,n "

= w-lim((—a},) * uf, — (af —ap) *vk) =0 in H',if ¢ < k.

Moreover, by the definition of a”,

k+1

w-lim(—a”) % uf’

n—o00 ’ n— o0
This proves (2.7) for k + 1.
We now modify the sequences (a¥), (v¥), and (uf‘gl) we have just built by taking away
a finite number of terms at their start. By (2.5) and (2.6) we may arrange it so that

= w-lim ((—a}) * ufn —0f) =0 in H'.

\u’““ — u§;1|p < — (2.15)

\F(uihh) = Fusthl, > Cy — —— (2.16)



for all n € Ny. Since || - [|* BL-splits, (2.11) and (2.14) imply for any ¢ < k + 1 that

k+1 2 k+1
Jm)\ > ol =D Il
j=t j=t

We may therefore arrange it so that

kt1 2 k1
Zai*vﬁl < 22”@”]{ for all n and ¢ < k + 1. (2.17)
i=t =

Note that we need not and do not modify the sequences (uf,), ¢ < k, that were built in
earlier steps.

Now we consider the process of constructing sequences as finished and proceed to prove
properties of the whole set. Equation (2.13) leads to

k
Jd 402 = 2 = SN +o(1)  as n oo,
7=0

and hence ) 7 [[v/[|* < Cy by (2.4). In view of (2.8) this yields
q — 0 as k — o0o. (2.18)
We claim that the diagonal sequence (uf,,) satisfies
bp xuf,, — 0 in H', as n — oo, for every sequence (b,) C Z. (2.19)

Note that under our convention we have the representation

n—1
up, =uf, =Y a vl ifn>k (2.20)
j=k
First we show that
w-lim(—a®) xu}, =0 in H', for all k € Ny. (2.21)
n—00 ’

Fix k € Ny. For every w € H! and ¢ > 0 there is £, such that

oo
ol Yl < €°/2.

Jj=to



Then (2.17) and (2.20) yield for n > £

|<(—a’fb)*u’in,w>‘

< |<(—a,’§) *u’f#,wﬂ +

n—1
§ J J
Ay, * Uy,

Jj=to

lo—1
< S (@ —aﬁ)*vz;,w>] T o

j=k+1

lo-1
< Z (a?, —aﬁ)*vi,w>’ + €.

j=h+1

< |<(—afl) *u’fjﬁ,w)‘ +

The first term in the last expression tends to 0 as n — oo by (2.7), and the second term
tends to 0 by (2.11) and (2.14). Since ¢ > 0 and w € H' were arbitrary, this proves (2.21).

To finish the proof of (2.19), suppose for a contradiction that w-lim,, o b, *uf, =v # 0
in H', for a subsequence. Equation (2.21) implies that lim,_,.|b, + | = oo, for every
k € No. Pick k € Ny such that g, < ||v]|. This is possible by (2.18). Then, for every
w € H', it follows from (2.17) and (2.20) that

n—1
|<bn*ulf,n—v,w>‘ < [(bn > uf, —v,w)| + ‘<Z(bn+ai)*vfb,w>’ —0

j=k

as n — 0o, similarly as above. Hence w-lim,,_,o0 by %}, = v with ||[v| > g, in contradiction
with the definition of g;. This proves (2.19).

We are now in the position to finish the proof of uniform continuity of F. Equations
(2.15) and (2.16) imply that

nhj{.lJu?,n - ug,n|p =0

lim inf| F(uf,) — F(u,,)], > Co.

By Lemma 2.1 and (2.19) u},, — 0 in LP. This contradicts the continuity of 7 on L? and
therefore proves the assertion about uniform continuity.

It only remains to prove BL-splitting for F. Suppose that u, — v in H!. By the same
arguments we used to obtain (2.12) there is a sequence (v,) C H! such that v, — v in H*
and

Flun) — F(up —vn) = F(v) in L” (2.22)

as n — oo. Since (u,) and (v,) are bounded in H', and by the uniform continuity of F on
bounded subsets of H' with respect to the LP-norm (and hence also with respect to the
H'-norm), it follows that we may replace v, by v in (2.22). O
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